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Abstract. We develop dimension theory for a large class of structures of the 
form 

(L, <,-L, ~), where (L <) is a partially ordered set, 1 is a binary relation 
on L, and ~ is an equivalence relation on L, subject to certain axioms. We 
call these structures espaliers. For x, y, z £ L, we say that z = x © y holds, 
if x _l_ y and z is the supremum of {x,y}. The dimension theory of L is the 
universal ~-invariant homomorphism from (L, ffi, 0) to a partial commutative 
monoid S. We say that S is the dimension range of L. Particular examples of 
espaliers are the following: 

(i) Let B be a complete Boolean algebra. For x, y 6 B, we say that x _L y 
if x A y = 0, and we take ~ to be any zero-separating, unrestrictedly 
additive and refining equivalence relation on B (for instance, equality). 

(ii) Let R be a right self-injective von Neumann regular ring. We denote 
by L the lattice of all direct summands of a given nonsingular injective 
right i?-module, for instance, the lattice of finitely generated right ideals 
of R. For A, B g L, we say that A.LB if AnB = {0}, and A ~ B if 
A = B. 

(iii) More generally, let L be a complete, meet-continuous, complemented, 
modular lattice. For x, y £ L, we say that x.Lyi{xAy = 0, and x ~ y 
if x and y are projective by (finite) decomposition. 

(iv) Let A be an AW*-algcbra. We denote by L the lattice of projections of A, 
and take the standard orthogonality and equivalence relations on L. For 
p, q 6 L, then, p _L q if pq = 0, and p ~ q if p and q are Murray- 
von Neumann equivalent, that is, there exists x £ A such that p = x*x 
and q = xx*. 

We prove that the dimension range of any espalier (L, <,_L,~) is a lower 
interval of a commutative monoid of the form 

C(ni,Z 7 ) x C(Q n ,R 7 ) x C(n m ,2 7 ), (*) 

where Qi, Qu, and Slni are complete Boolean spaces, and where we put, for 
every ordinal 7, 

Z 7 = U {K e I < £ < 7}, 

R 7 = R+ U {Mj I < £ < 7}, 

2 7 ={0}U{K e |0<£< 7 }, 
endowed with their interval topology and natural addition operations. Con- 
versely, we prove that every lower interval of a monoid of the form (*) can 
be represented as the dimension range of an espalier arising from each of the 
contexts (i)-(iv) above. The context of W*-algebras requires the spaces Qj, 
Qu, and Qui to be hyperstonian, and no further restriction is needed. 

This subsumes many earlier dimension-theoretic results, and, in applica- 
tions, completes theories developed for examples such as (i)-(iv) above. 
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CHAPTER 1 



Introduction 



1-1. Background 



The central theme of this paper is, as indicated by the title, dimension theory. 
Basically, an equivalence relation ~ is given on a structure L, and our goal is to 
elucidate the quotient structure We shall be interested in cases where L is 

a complete lattice endowed with a notion of orthogonality subject to a number of 
axioms. To make it clear that the motivations for this are widespread and by no 
means confined to lattice theory, we start by discussing what is known about some 
fundamental examples. In Chapter El we will apply our general theory to these 
examples, thus showing the improvements that it brings to them. 

1-1.1. Abstract measure theory. One of the most basic examples of what 
could be called a "dimension theory" arises from measure theory. To pick a favorite, 
we first consider the Lebesgue measure m on the real line R. It is defined on the 
Boolean algebra 23 of all Lebesgue-measurable subsets of R. However, it fails total 
additivity of measure, for every subset of R is the union of singletons, which have 
Lebesgue measure zero. To bring back total additivity, the standard way is to say 
that m is defined not on 23, but on the quotient algebra B = 23/3\f, where N is the 
ideal of null sets. The Boolean algebra B and the resulting map from B to [0, +oo], 
which we still denote by m, have the following properties: 

(a) B is a complete Boolean algebra. 

(b) The map m is unrestrictedly additive, that is, the following equality holds: 



for any disjoint family (a?j)j e j of elements of B. The notation \J i£l Xi 
stands for the join (i.e., supremum) of the set {x^ i G /} in B. 
(c) For all x, y 6 B, if y is a translate of x (that is, y = a + x for some real 
number a), then m(x) = m(y). 

Rule (b) above seems somehow puzzling at first glance, because of the apparent 
possibility of an uncountable index set /. However, since the Boolean algebra B 
is countably saturated, all infinite joins in B are, really, countable joins, so that, 
in (b), all the Xi-s are majorized by the join of countably many of them. 

For x, y £ B, we define the relation x ~ y to hold, if there are disjoint families 
(xi) ie i and (yi)iei of elements of B such that x = \J ieI x t and y = V ie j Vi, and yi 
is a translate of Xi, for all i G I. It is not difficult to verify that ~ is an equivalence 
relation on B. Furthermore, by (b) and (c) above, x ~ y implies that m(x) = m(y), 
for all x, y 6 B. 
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It is harder to verify that the converse of the above fact also holds, namely: 
m(x) = rn(?/) implies that x ~ y, for all x, y G B. This fact is due to S. Banach and 
A. Tarski, see [2], or |52l Theorem 9.17]. Hence the quotient set is isomorphic, 
via the measure m, to the interval [0, +oo]. A moment's reflection shows that B/~ 
can be endowed with a partial addition, defined by the rule 

[x] + [y] — [x V y], for all disjoint x, y € B, 

that endows it with a structure of partial commutative monoid (see Definition l2- 1 . 2 jl . 
and that the measure m factors through an isomorphism of partial monoids between 
B/^ and [0, +oo]. We see in this particular case that 2?/~ is a total monoid, that 
is, the addition of is defined everywhere. 

Now let us consider the converse of the above paragraph. That is, we are given 
a Boolean algebra B, endowed with an equivalence relation ~, and we wish to find 
the structure of B/~. While this problem in full generality can lead to almost any 
structure, we focus the study by making the following assumptions on B and ~, 
that are satisfied for the example above: 

(1) B is a complete Boolean algebra. 

(2) x ~ implies that x = 0, for all x G B. 

(3) (see Axiom (L6) of Dcfinition l4- 1 . 1(1 The relation ~ is unrestrictedly refin- 
ing, that is, for every a G L and every disjoint family (6j)ie/ of elements 
of L, if a ~ Vie/ then there exists a decomposition a = \J ieI a*, with 
(aj)ig/ disjoint, such that otj ~ &i for all i E I. 

(4) (see Axiom (L7) of Definition I4-1.1|) The relation ~ is unrestrictedly ad- 
ditive, that is, for all disjoint families (<Zi)ie/ and {biji^i of elements of L, 
if di ~ & 4 for all i G J, then \J ieI a t ~ V ie / &i- 

The most basic example of this situation is for B = ^3(f2), the powerset algebra 
of an infinite set O, where ~ is the relation of equipotency on subsets of fi, that is, 
X ~ y if and only if there exists a bijection from A onto Y. If 7 is the unique 
ordinal such that |f2| = H 7 , then L/~ is isomorphic to the monoid 

Z 7 = Z+ U {K c I < C < 7}, 

endowed with the addition that extends the natural addition of the set Z + of 
nonnegative integers and such that n + = H a + = H^, for all n G Z + and 
all ordinals a, (3 such that a < (3 < 7, see page 1861 So, if [i: B — > Z 7 is the map 
defined by the rule ^(A) = A|, for all X G -B, then factors through ~, thus 
defining an isomorphism from _B/~ onto Z 7 . 

As we shall see in this paper, it is still possible, in the general case, to obtain 
a "measure" /i on B such that J5/~ is isomorphic to the range of [i. The range of 
the measure is not necessarily [0, +00] and not even some Z 7 (as in the example 
above), but rather a certain set of continuous functions from a complete Boolean 
space (i.e., extremally disconnected compact Hausdorff topological space) CI to a 
monoid of the form R + U {K^ | < £ < 7} (or a submonoid of this monoid). A 
similar result is achieved by D. Maharam in 40 , in a slightly different context — 
for instance, all sums and joins are countable joins, while B satisfies the countable 
chain condition. This is not the only restriction imposed in Maharam's work, as, 
for example, Axiom III, page 281 in |40j . that rules out what we will call later the 
"Type III" case. 
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1-1.2. Nonsingular injective modules over self-injective regular rings. 

Let R be a (von Neumann) regular, right self-injective ring, let M be a nonsingular 
injective right i?-module. We order the set L of all direct summands of M by 
inclusion and we endow it with the relation of isomorphism, =. The dimension 
theory of M is the study of the structure of L/=. We say that a family (X,*)j £ j 
of elements of L is orthogonal, if the sum of the submodules is a direct sum. 
We recall some fundamental properties of L and = (references will be given in 
Section 

(1) L is a complete lattice, that is, every subset of L has a supremum. 

It is known that the infimum of a family (Xi)nzj of elements of L is 
their intersection, Hiej Xi- 

(2) L is complemented, that is, every element X of L has a complement (that 
is, an element Y of L such that X (BY = M) . 

(3) L is meet- continuous, that is, for every IgL and every upward directed 
family (li)igj of elements of L, the following equality holds: 

xn\/Y = \J(xr\Y). 

iei iei 

(4) L is modular, that is, the equality 

in(yvz) = (inF)vz 

holds, for all X, Y, Z <E L such that X D Z. 

(5) (see Axiom (L6) of Definition 14-l.lfl The relation = is unrestrictedly re- 
fining, that is, for every X G L and every orthogonal family (1^)^/ of 
elements of L, if X = \J ieI Y, t , then there exists an orthogonal decompo- 
sition X = Vie/ ^ i such that = Y; for all i e /. 

(6) (see Axiom (L7) of Definition I4-1.1|) The relation = is unrestrictedly ad- 
ditive, that is, for all orthogonal families (Xi) ie j and (Yi) iG j of elements 
of L, if Xi S ^ for all i e /, then V i6/ A 4 S Vie/ r - 

We observe that the supremum in L of a family (Xi)i £ / of elements of L is not 
given by the sum of submodules Xi, but by its injective hull, 1L (J2 ieI XA 

(which can be identified with a unique submodule of M because M is injective and 
nonsingular). 

As in Subsection II- 1 . Tl the quotient set L/= can be endowed with a structure 
of partial commutative monoid, under the addition given by the rule 

[X] + [Y] = [x e y] ifAnr = {o}, 

for all X,YeL. 

Essentially by using Axioms (l)-(6) above, the structure of L/= has been 
completely elucidated in several particular cases. For example, in case M is directly 
finite (i.e., M is not isomorphic to any proper direct summand of itself), L/= is 
isomorphic to a lower subinterval (with respect to the componentwise ordering) of 
a monoid of the form 

M = C(fii,Z+ U {oo}) x C(f7„,R+ U {oo}), (1-1.1) 

where il\ and fin are complete Boolean spaces; see Chapter 11 in K.R. Goodearl 
and A. K. Boyle |18) . In the general case, there are a monoid M of the form given by 
(11-1. Ill and a direct power A of a monoid of the form {0}U{H^ | £ < 7} (for a certain 
ordinal 7) such that L/= embeds into M x N, see Chapters 12 and 13 in |18| . and 
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the variations in |17l Chapter 12] . Further results along these lines were obtained by 
C. Busque 0, who showed, in particular, that the second factor of the embedding 
above, namely the map L/= — > N, actually sends L/= to C(f2, {0} U {H^ | £ < 7}) 
for a suitable complete Boolean space il (containing Q\ U flu) [7| Proposition 4.7]. 
However, these embeddings do not provide an isomorphism of L/= onto a lower 
subset of a monoid of continuous functions. The difficulties are already visible in 
case R is a complete Boolean algebra (viewed as a ring), due to an example of 
K. Eda There exists a complete Boolean algebra R such that the injective 

hull of the free R- module of rank Ko contains a direct sum of Hi copies of itself (see 
the discussion of Problem 18 in |17l p. 374]). Here the image of the embedding 
obtained from [18] . [17] , and contains a function with all values at least N2, but 
not the constant function with value Ni. 

1-1.3. Conditionally complete, meet-continuous, sectionally comple- 
mented, modular lattices. For elements a, b, and c in a lattice L with zero, 
we say that c — a ® b, if c = a V b and a A b = 0. We say that L is sectionally 
complemented, if for all a, b £ L such that a < b, there exists x £ L such that 
a © x = b. If L is modular, that is, the implication 

x > z xA(jiVz) = (iAi/)Vz 

holds, for all x, y, z £ L, then the partial operation © gives L a structure of partial 
commutative monoid. Completeness and meet-continuity of L are defined as in (1) 
and (3) of Subsection ll-1.21 So, in particular, if M is a nonsingular injective right 
module over a right self-injective regular ring R, then the lattice of all direct sum- 
mands of M is complete, meet-continuous, sectionally complemented, and modular. 
The classical von Neumann continuous geometries, see J. von Neumann ..51 or F. 
Maeda }3§|. are obtained by adding the conditions that L has a unit (that is, a 
largest element) and is join-continuous. 

At this point, we seem to be stymied because of the following problem. We 
cannot claim outright that our lattice-theoretical context could lead to generaliza- 
tions of Subsection 11-1.21 for there is no such thing a priori as "isomorphism of 
submodules" between the elements of L. In the case of continuous geometries, it 
is easy to remedy this by replacing isomorphism by perspectivity, which turns out 
to be transitive (this is a difficult result, due to J. von Neumann [51p. Elements 
a and b of a lattice L are perspective, in notation a ~ b, if there exists x £ L 
such that a A x = b A x and aVi = b\/ x. For continuous geometries, the struc- 
ture of L/~ is completely understood, see [51] and, for the general, reducible case, 
T. Iwamura [26] — namely, L/~ is isomorphic to a lower segment of the positive 
cone of a Dedekind complete lattice-ordered group. The paper J. Harding and 
M. F. Janowitz |25] shows how a reducible continuous geometry can be represented 
as the space of continuous sections of a bundle of irreducible continuous geometries, 
thus shedding more light on the transition from irreducible continuous geometries 
to reducible ones. 

However, for a general complete, meet- continuous, sectionally complemented, 
modular lattice L, the relation of perspectivity ~ on L is not transitive as a rule — 
see, for example, the obvious case where L is the subspace lattice of an infinite- 
dimensional vector space over a field. Hence, we have to find a better candidate 
than ~ to replace isomorphism of submodules. A natural guess is of course the 
transitive closure ~ of <~ (usually called projectivity) , but this relation fails to 
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be additive, as defined in Axiom (L7) of Definition 14-1.11 and as isomorphism of 
submodules should be. The final answer is, in fact, nontrivial, and it follows from 
the theory of normal equivalences introduced by the second author in Chapters 
10-13 of |56| . Namely, there is (fortunately!) exactly one "reasonable" candidate 
for isomorphism, and it is the binary relation = on L defined by the rule 

a = b if there are decompositions a = x © x\ and b = yo © y±, 

with xq ~ j/o and x\ ~ y±, 

for all a, b S L. The transitivity of = is proved in Theorem 13.2 of |56| . while 
the complete additivity of = (Axiom (L7) of Definition 14-1.11 see also item (6) of 
Subsection 11-1. 2fl is proved as in Proposition 13.9 of 56 by replacing countable 
families by arbitrary families. The quotient L/= is then a lower subset of the 
so-called dimension monoid DimL of L, which, as its name indicates, is a (commu- 
tative) monoid. The dimension theory of L is elucidated here in Theorem l5-2.(j| In 
the context of Subsection ll-1.21 that is, L is the lattice of all direct summands of a 
given nonsingular injective right module over a right self-injective regular ring, it is 
then the case that = is identical to submodulc isomorphism on L, see Lemma 10.2 
and Theorem 13.2 of [56] . 

Of crucial importance for all the proofs of these results is a result of I. Halperin 
and J. von Neumann 22, that states that x y and xAy = implies that x ~ y, for 
all x, y G L. This result is extended in |56| to countably meet-continuous lattices, 
where it is used to prove that the quotient L/= is then a so-called generalized 
cardinal algebra, see Proposition 13.10 of 56 . However, even in case the lattice- 
theoretical version of direct finiteness (see Subsection ll-1.2|l holds in L, no analogue 
of an embedding into monoids of the form (|1-1.1|) had been found before the present 
work. 

1-1.4. Lattices of projections of W*- and AW*-algebras. We recall that 
an AW*-algebra is a C*-algebra A such that the right annihilator of any subset X 
of A has the form pA, for a projection p of A (a projection of A is an element p 
of A such that p = p 2 = p*). We denote by L the set of projections of A. Let a < b 
hold, if ab — a (equivalently, ba = a), for all a, b G L. Thus < is a partial ordering 
on L. Orthogonality of any projections a and b, in notation a J_ b, is defined by 
ab = 0, and (Murray- von Neumann) equivalence is defined by the rule 

a ~ b if there exists x G A such that a = x*x and b = xx* . 

Much of the structure of L was developed axiomatically by I. Kaplansky in his 
monograph 30 . Some of the axioms and methods we use were inspired by Ka- 
plansky's work, as was the structure theory for nonsingular injective modules con- 
structed by Goodearl and Boyle 18 . Readers familiar with either of those works 
will recognize the parallels below. 

Again, the quotient L/^ can be endowed with a structure of partial commuta- 
tive monoid, where addition is given by the rule 

[a] + [b] = [a + b], if ab = 0, for all a, b G L, 

where [p] denotes the ^-equivalence class of a projection p of A. The amount of 
known general information on the structure of L/~ is more fragmentary than for 
the examples considered in previous sections, due to fewer axioms satisfied. For 
example, the analogues of properties (3) (meet-continuity) and (4) (modularity) 
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considered in Subsection 11-1.21 fail for projections of AW*-algebras as a rule. In 
F.J. Murray and J. von Neumann |42| . a [0, +00] -valued "dimension function" is 
constructed on the projections of any W*-factor (i.e., indecomposable von Neu- 
mann algebra); Kaplansky showed that the same construction could be carried 
out for AW*-factors. Still in the indecomposable case, it is known that the closed 
two-sided ideals are well-ordered, see F.B. Wright 58]. Most of what was known 
about Lj ^ in the general case could be obtained from more general, often lattice- 
theoretical works that we shall discuss now. 

1-1.5. Lattice-theoretical generalizations. A common feature of the struc- 
tures considered in Subsections 11-1. lTll-1. 41 is that they all involve a complete, sec- 
tionally complemented lattice L, a binary relation _L on L, and an equivalence 
relation ~ on L. It has been observed early that even apart from the classical 
study of continuous geometries, the dimension theory of a given structure could 
be done by just studying the associated structure (L,_L,~). Furthermore, these 
structures will be ordered structures, so that we shall write (L, <, _L, ~) instead of 



- It is in S. Maeda |39| that the most general axiomatization of the struc- 
tures (L, <, _L, ~) is given. It holds for all the examples considered in Sub- 
sectionsll- 1 . II IfOI and this allows to construct "dimension functions" — 



corresponding to the measures of Subsection 11-1. II — on L that, in the 
"finite" case, separate the elements of L. 

- In L.H. Loomis |35| . another axiomatization is used, that involves an 
orthocomplementation on L, thus it does not apply to the examples con- 
sidered in Subsections 11-1 .21 and II- 1 .31 

- In P. A. Fillmore |12| . a further axiomatization of the structures (L, _L, ~) 
is introduced, that does not assume completeness of L but rather count- 
able completeness, and that assumes an orthocomplementation (thus, 
again, it does not encompass Subsections 11-1.21 and 11-1.3(1 . One of the 
main results is that the structure L/~ is a generalized cardinal algebra 
(as in Subsection 1 1— 1 . Mf> . Furthermore, under some countability assump- 
tions, L is complete and L/~ is isomorphic to a lower subset of a monoid 
of the form (|1-1.1[) . see [IS Theorem 3.12]. 

Nevertheless, in each class of examples considered in Subsections ll-l.flll-1.41 
some of the dimension-theoretical properties that one could have expected to hold 
were still missing from the known results. For example, there has been no general 
treatment of the reducible Type III case; it was seemingly not even clear whether 
or not it had to be treated as a pathology. 



In view of the various examples presented in Section ll- II and of what is known 
about them, the main goals of this paper are the following: 

(1) To capture in a convenient set of axioms the various properties of the 
structures (L,<,_L,~) encountered in these examples. This set of ax- 
ioms should be sufficient to develop a complete dimension theory of these 
structures, that is, a complete description of the structures L/^, without 
additional assumptions such as finiteness or chain conditions. 



(i,-L,~): 
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(2) To develop a set of monoid-theoretical axioms that should be satisfied by 
the structures L/~. 

(3) Although the set of axioms obtained in (2) is quite complicated, our 
third goal will be to give a simple description of the structures satisfying 
the axioms of (2) in terms of continuous functions on complete Boolean 
spaces. 

We shall now give some details about our road to these goals. 

Espaliers. The relevant structures (L,<,_1_,^) will be called espaliers, see 
Definition 14-1.11 The axiom system defining espaliers is stronger than the axiom 
system (1, a), (1, (3), (1, C), (2, a), (2, Q considered by S. Maeda in [39] . 
Nevertheless, these axioms are sufficient for our purposes — for instance, all the ex- 
amples considered in Sect ion f 1-1 1 are espaliers. The only drastic generalization that 
we will introduce is to state that the underlying partial ordering of an espalier 
(L, <,-L,~) defines a partial, as opposed to total, lattice, so that for elements a 
and b of L, the meet (i.e., infimum) a A b of {a, b} always exists, but the join (i.e., 
supremum) of {a, b} exists only in case {a, b} is majorized. This small generaliza- 
tion affects neither the proofs nor even the results — the structures L/~ are partial 
structures anyway — and it paves the way for further algebraic constructions on 
espaliers, such as amalgamation. 

Continuous dimension scales. In parallel to this, we shall develop a sys- 
tem of monoid-theoretical axioms, (M1)-(M6) (see Definition EH~T1) . that captures 
the structures (partial commutative monoids) for an espalier L. This axiom 

system is rather complicated, but it completely isolates what monoid theory we 
need to understand the structures Among these axioms is a variant of con- 

ditional completeness (see Axiom (M2)), that is, every nonempty subset admits an 
infimum for the algebraic (pre)ordering (see Definition 12- 1 . 3fl . but there are other, 
less natural- looking axioms, such as (M6). 

The partial commutative monoids satisfying Axioms (M1)-(M6) will be called 
continuous dimension scales. They are unrelated to H. Lin's "continuous scales" 
introduced in [33ll34j . 

The relation between espaliers and continuous dimension scales is then given 
by the following (see Theorem 14-3. 9fl . 

Theorem A. Let (L,<,_L,^) be an espalier. Then the partial commutative 
monoid L/^ of all ^-equivalence classes of elements of L is a continuous dimension 
scale. 

Descriptions of continuous dimension scales. At first glance, Theorem A 
may appear as the ultimate goal of this paper. However, it provides only a list of 
properties of the partial monoids L/^, without giving any representation in terms 
of known structures. Moreover, although the axioms describing the structure of 
espalier seem to be almost the weakest possible to obtain a complete dimension 
theory, and thus, in some sense, unavoidable, this might not seem to be the case a 
priori for the axioms describing continuous dimension scales. We counter this by 
proving that there are no "missing" axioms for continuous dimension scales relative 
to espaliers. 

Theorem B. A partial commutative monoid S is a continuous dimension scale 
if and only if S = L/~ for some espalier (L, <, _L, ~). 
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1. INTRODUCTION 



Theorem B follows from the fact that most of our classes of examples of espaliers are 
universal in the sense that arbitrary continuous dimension scales can be represented 
(isomorphically) as lower subsets of the continuous dimension scales L/~ arising 
from these examples — see, for example, Theorems 15- 1 . 13l 15-2 . 81 15-3 . 141 15-4. 1 01 

As for a concrete representation of continuous dimension scales, we exhibit 
them as lower subsets (for the algebraic preordering) of product spaces of the form 

C(Oi,Z 7 ) x C(fi n ,R 7 ) x C(fini,2 7 ), 

where fij, On, and Dm are complete Boolean spaces and, for any ordinal 7, the 
monoids Z 7 , R 7 , and 2 7 are defined as 

Z + U {Kfr I < £ < 7}, 
R + U {K^ I < £ < 7}, 
{0}U{H ? |0<£< 7 }, 

endowed with the natural addition and ordering, together with the interval topology 
(see Section IT^f . See page GE1 for more details. 

Theorem C. Let S be a partial commutative monoid. Then S is a continuous 
dimension scale if and only if it can be embedded as a lower subset into a product 
monoid of the form 

C(0i,Z 7 ) x C(0 n ,R 7 ) x C(O m ,2 7 ), 

where Oi, On, and Om o,re complete Boolean spaces. 

A more precise version of Theorem C is formulated in Theorem 13-8.91 The 
concrete version of Theorem B is that any lower subset of a monoid of the form 

C(0i,Z 7 ) x C(0 n ,M 7 ) x C(0 n i,2 7 ), 

can be represented as L/~, for a suitable espalier L. More precisely, we show that L 
may arise from each of the above contexts — abstract measure theory, nonsingular 
injective modules over self-injective regular rings, meet-continuous complemented 
modular lattices, and projection lattices of AW*-algebras, see Sections 15- 1H5-4I For 
projection lattices of W*-algebras, there is an additional restriction on the spaces 
Oi, On, Oin — namely, they are hyperstonian, see Corollary 15-4.81 In addition, it 
is worth noticing that although the embedding in Theorem C is not unique as a 
rule, it is determined by the condition that it "commutes with projections" and its 
value at the elements of a finitary unit of S fDcfmition l3-7.6l) . see Theorem l3-9.10l 
Finally, all this extends to "continuous dimension scales" that are no longer sets, 
but rather proper classes. The corresponding common extensions of the abovemen- 
tioned "existence" and "uniqueness" statements hold, and they are presented in 
Theorem l3~TU31 

In order to make the results and methods of this paper accessible to the widest 
audience, we have avoided the use of forcing and Boolean-valued models for most 
proofs. Exceptions to this rule are the proofs of D-universality for the classes of 
Boolean espaliers (Theorem 15- 1.1311 and espaliers of projections of AW*-algebras 
^Theorem 15-4.9(1 . as reasonable "forcing- free" proofs do not seem to be available. 
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1-3. Notation and terminology 

Disjoint unions of sets will be denoted by U, |J, so that, for example, X = 
\_\ ieI Xi means that X = \J ieI Xi and that X{ (~l X 3 ■ = 0, for all distinct i, j 6 I. 

Following the usual set-theoretical terminology, we denote by 10 the set of all 
natural numbers. We identify any natural number n with {0, 1, . . .,n — 1}. Any 
ordinal a is identified with the set of all ordinals less than a. A cardinal is an 
initial ordinal. Following well-established set-theoretical practice, for an ordinal a, 
the notations uo a and H Q both denote the a-th infinite cardinal, except that the 
first one is viewed as an ordinal while the second one is viewed as a cardinal. 

If P is a partially preordered set, a subset X of P is a lower subset (resp., upper 
subset) of P if x < y and y G X (resp., x G X) implies that x £ X (resp., y G X), 
for all x, y G P. For an element a of P, we denote by (a] (resp., [a)) the lower 
subset (resp., upper subset) of P generated by a. A subset X of P is coinitial, if 
[X) = Ua6xt a ) ^ S ecma l to P. If P has a least element 0, a subset X of P is dense 
in P, if X \ {0} is coinitial in P \ {0}. We say that X is an antichain of P, if ^ X 
and (a] n (6] = {0} for any distinct a, b G X. li X and V are subsets of P, we 
abbreviate the statement 

V(x, y) G X x Y, x < y 
by X < Y. If X = {a} (resp., Y = {a}), we write a <Y (resp., X < a). 

The interval topology on P is the least topology of P for which all the intervals 
of the form (a] or [a), for a G P, are closed. 

We shall consider the interval topology only in the totally ordered, complete 
case. The relevant result is then the following, see, for example, j5] §X.12]. 

Proposition 1-3.1 (O. Frink). Let (E, <) be a totally ordered set. We suppose 
that E is complete, that is, every subset of E has an infimum in E. Then the 
interval topology of E is compact Hausdorff. 

If G is a partially ordered group, G + denotes the positive cone of G. We put 
N = Z + \ {0}. We say that G is directed, if is upward directed as a partially ordered 
set; we say that G satisfies the interpolation property, if for all oq, a\, bo, b\ G G 
such that ao,ai < bo,bi, there exists x G G such that ao,ai < x < bo,bi. We say 
that G is Dedekind complete, if it is directed and every nonempty majorized subset 
of G has a supremum. It is well-known that every Dedekind complete partially 
ordered group is abelian, see, for example, HO Theorem 28]. We shall write such 
groups using additive notation. 

For any point i in a topological space f2, we denote by lr l (x) (or *N(x) if 
is understood) the set of all open neighborhoods of a; in f2. For a subset X oi fl, 

o 

we denote by X the interior of X and by X the closure of X in Q. If K is a 
totally ordered set, endowed with its interval topology, a map /: Q — > K is lower 
semicontinuous (resp., upper semicontinuous) , if the set {x G f2 | f{x) < a} (resp., 
{x G f2 | a < f(x)}) is closed, for every a G K. 

A topological space f2 is extremally disconnected, if the closure of every open 
subset of fl is open. We use the terminology complete Boolean space as a synonym 
for extremally disconnected compact Hausdorff topological space. See Section 13-81 
for more detail on these concepts. Complete Boolean spaces are also called Stone 
spaces (or stonian spaces) in the literature. 



CHAPTER 2 



Partial commutative monoids 

2-1. Basic results about partial commutative monoids 

2-1.1. Partial commutative monoids. Many monoid-theoretical objects 
we shall deal with through this paper are not monoids, but just partial monoids. 
The following fundamental example provides us with a large supply of partial 
monoids. 

Example 2-1.1. Let (M, +, 0) be a commutative monoid. For a subset S of M 
satisfying the two following properties 

(i) G S; 

(ii) x + y G S implies that x, y G S, for all x, y G M, 
we endow S with the partial addition +5 defined by 

a +s b = c, only in case c G S, 
for any a, b G S. We call S a partial submonoid of M . 

Observe that we do not merely consider all subsets of M, but only those that 
satisfy the conditions (i) and (ii) above — they are exactly the nonempty lower 
subsets of M for the algebraic preordering of M, see Definition 12- 1 . 31 

It turns out that the properties of partial submonoids of commutative monoids 
are captured by the following definition. 

Definition 2-1.2. A partial commutative monoid is a structure (5*, +, 0), where 
+ is a partial binary operation on S which satisfies the following properties: 

(a) + is associative, that is, for all a, 6, c G S, (a + b) + c is defined if and 
only if a + (b + c) is defined, and then, both have the same value. 

(b) + is commutative, that is, for all a, b G S, a + b is defined if and only if 
b + a is defined, and then, both have the same value. 

(c) There exists an element, denoted by {necessarily unique), of S such 
that a + = a, for all a G S. 

We generalize to this context the classical definition of the algebraic preordering 
on a commutative monoid. 

Definition 2-1.3. Let (5, +,0) be a partial commutative monoid. The alge- 
braic preordering on S is the (reflexive, transitive) binary relation < defined on S 
by the rule 

a < b if and only if a + x = b, for some x G S. 

An element u G S is an order-unit, if every element of S lies below nu (defined), 
for some n G Z + . 

The following definition is of course a direct generalization of Example 12-1.11 
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2. PARTIAL COMMUTATIVE MONOIDS 



Definition 2-1.4. A partial submonoid of a partial commutative monoid S 
is a lower subset T of S (for the algebraic preordering of S) containing as an 
element, endowed with the partial addition defined by 

a + b = c if and only if a + b = c in S and c G T, for all a, i £ T. 
We omit the trivial proof of the following result. 

Proposition 2-1.5. Every partial submonoid (as in Examvle \2-1 .11 of a partial 
commutative monoid is a partial commutative monoid. 

The following class of embeddings will be of special interest. 

Definition 2-1.6. Let A and B be partial commutative monoids, and let 
ip: A — > B. We say that ip is a lower embedding, if the following conditions hold: 

(i) ip is a homomorphism of partial monoids. 

(ii) tp is one-to-one, and tp(x) < ip(y) implies that x < y, for all x, y E A. 

(iii) The range of <p is a lower subset of B, with respect to the algebraic 
preordering of B. 

Hence, a lower embedding from A into B identifies A with a lower subset (with 
respect to the algebraic preordering) of B, endowed with the structure of partial 
submonoid as in Definition l2-1.4l 

The following result shows that all partial commutative monoids can be ob- 
tained from Example l2-l.il 

Proposition 2-1.7. Every partial commutative monoid admits a lower embed- 
ding into a commutative monoid. 

Proof. Let (S, +, 0) be a partial commutative monoid. Let oc be any object 
such that oo ^ S, and put S° = S U {oo}. We define on S* the binary operation 
+* defined by the rule 



It is easy to verify that (S*, +*, 0) is a commutative monoid and that the inclusion 



Remark 2-1.8. A noticeable effect of Proposition l2^T~71 is to make computations 
in partial commutative monoids much more convenient. For example, suppose that 
we have to prove that an equality of the form A = B holds in a given partial 
commutative monoid S, via a sequence of equalities A = Co = C\ = ■ ■ ■ = C n = B : 
where A, B, and the Ci are finite sums of elements of S. We assume in addition 
that the sum defining A is defined in S. Instead of having to verify that all the 
terms Ci arc defined in S and pairwise equal, it is sufficient to argue in S* that 
A = Co = Ci = ■ ■ ■ = C n = B, without having to worry about undefined terms. 

This applies, in particular, to the following Lemmas 12- 1 . 91 12~- 1 . 1 01 and l2-l.lTl 

Lemma 2-1.9. Let (S, +,0) be a partial monoid, with algebraic preordering <. 
Let a, b, a' , b' G S . Lf a + b is defined and a' < a and b' < b, then a' + b' is defined, 
and a' + b' < a + b. 

In any given partial commutative monoid S, we define inductively the statement 
a = Xa<n ai t° hold, for n < to, a, ao, ■ ■ ■ , a n -i G S, as follows: 




for all a, be S'. 



map from S into S° is a lower embedding. 



□ 



2-1. BASIC RESULTS 
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(i) a = X)i<o ai ^ ano - on ly if a = 0. 

(ii) a = Ei<„+i a i if and onl y if a = (Ei<„ «i) + «n- 

If the operation of S" is denoted by ©, then we shall write ®i< n a-i instead 

of E l<n OO- 
LEMMA 2-1.10. Let (S, +,0) &e a partial commutative monoid. For all n < to, 
all a, ao,. . . , a n -i G S, and every permutation a of n, 

a = ai if and only if a = a CT (j)- 

By Lemma 12-1.1 01 for a finite set I and elements a, ai (for i S /) of 5, we can 
define unambiguously the statement a = X^gi a i f hold, if a = X^<n a o-(j) j where 
n is the cardinality of / and a is any bijection from n onto /. 

Lemma 2-1.11. Let (S, +,0) 6e a partial commutative monoid. Let I and J 
be finite sets, let tt: I -» J be a surjective map, let (aj)ig/ be a family of elements 
of S, and let o£S. Then the following are equivalent: 

(i) a = Y, l ei a i- 

(ii) For all j G J, the term ^i^-iyj *s defined, and, if we denote its 
value by bj, then a — J2je.J ^j- 

2-1.2. Partial refinement monoids. 

Definition 2-1.12. We say that a partial commutative monoid (S, +,0) has 
the refinement property, or is a partial refinement monoid, if for all ao, a\ , bo, b± € S 
such that ao + a\ = bo + b\, there are elements Cjj in S, for i, j < 2, such that the 
equalities a^ = c% q + c^i and bi — co.i + c±.i hold, for all i < 2. 

The information contained in the equalities ai = c^o + c,,i and 6^ = Co..; + ci^ 
for all i < 2 will often be condensed in the format of a refinement matrix as follows: 





bo 


h 


ao 


co,o 


Co A 


a\ 


Cl,0 


Cl,l 



These notations can be easily generalized to refinement matrices of arbitrary, finite 
or even infinite, dimensions. These notations are also very widely used in 56 . 

Define a refinement monoid as a commutative monoid satisfying the refinement 
property. In a spirit similar to Proposition 12- 1 .71 we shall now prove (see Proposi- 
tion l2-l .lrifl that every partial refinement monoid can be obtained as a lower subset 
of a refinement monoid. The proof of Proposition 12-1.71 does not apply for this 
result, because S' fails in general to satisfy refinement even if S has refinement. 
We shall use instead a procedure adapted to refinement monoids. 

Proposition 2-1.13. Every partial refinement monoid S admits a lower em- 
bedding into a refinement monoid S. In addition, one can take S to be generated by 
S as a monoid, and such that the canonical embedding from S into S is universal 
among the homomorphisms of partial monoids from S to commutative monoids. 

Proof. The following construction is a particular case of the construction 
presented in Chapter 4 of |56j — with the notations used there, S = Dim (5, +, =). 
However, in this context, a direct verification is easy, so we give an outline here. 
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2. PARTIAL COMMUTATIVE MONOIDS 



Let S be a partial refinement monoid. We endow the set § of all finite, nonempty 
sequences of elements of S with the binary relation = defined by the rule 

{a,i)i<m = {bj)j<n if there are Cij £ S, for i < m and j < n, such that 

a,i = Cij, for all i < m, and bj = c,j, for all j < n. 

By using the refinement property in S, it is not difficult to verify that = is an 
equivalence relation on S. For any s € S, we denote by [s] the equivalence class of 
s modulo =. We endow the quotient S = §/= with the binary addition + defined 

by 

[s] + [t] = [s^t], for all s,teS, 

where s ^ t denotes the concatenation of s and t. It is straightforward to verify 
that S, endowed with +, is a refinement monoid. For any a £ S, we denote by j(a) 
the equivalence class modulo = of the finite sequence (a) of length one. Then j(0) 
is the zero element of S, and j is a lower embedding from S into S. 

For the remainder of the proof, we shall identify S with its image in S under 
the embedding j. Thus the elements of S are exactly the finite sums J2i< m ai ' 
where m e N and do, ■ ■ ■ , a m -i € S, and the equality 2i< m ai ~ ^j<n bj holds if 
and only if there exists a refinement matrix of the form 





bj {j < n) 


at (i < n) 


c i,j 



for some elements (for i < m and j < n) of S. Obviously S is generated by S 
as a monoid. 

Now we verify the second assertion of Proposition 12-1.131 Let M be a com- 
mutative monoid and let / : S — > M be a homomorphism of partial monoids. Let 
~g: § — > M be the map defined by the rule 

g({ai)i <n ) = X^( a *)' for a11 ( a i)i<« e S - 

Then g(j(0)) = Om, g{s"~ t) = g(s) +g(t), and s = t implies that g(s) = g(t), for all 
s, t G S. Hence g can be factored through =, thus yielding a homomorphism g: S — > 
M that extends /. Since 5 generates S 1 as a monoid, g is the only homomorphism 
with this property. □ 

For any partial refinement monoid S, we take S to be the refinement monoid 
having all the properties described in Proposition 12-1. 131 By the given universal 
property, S is unique up to isomorphism. We will also identify S with its canonical 
image in S. 

Our next lemma collects some basic information about S. For ngN, we put 



nS = < } Xi | x , ■ ■ ■ , x n -i e S } c S. 




Definition 2-1.14. A partial refinement monoid S is conical, if x + y = 
implies that x = y = 0, for all x, y G S. In other words, x < implies that a; = 0, 
for all x £ S. 



2-2. DIRECT DECOMPOSITIONS 
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Lemma 2-1.15. Let S be a partial refinement monoid. Then the following 
assertions hold: 

(i) nS is a lower subset of S, for all n G N. 

(ii) If S is cancellative (i.e., a + c = b+c in S implies that a — b), then S is 
cancellative. 

(iii) If S is conical, then S is conical. 

Proof, (i) is an easy consequence of refinement in S. 

(ii) Folklore. A proof can be found in Lemma 3.6 in |56| . 

(iii) Let x, y G S such that x + y = 0. Write x = J2i <m x i and V = J2j <n Vo 
for some m, n G N and Xq, . . . , x m _i, j/oi • • • > Un—i ^- Then, for all % < m, 
Xi <x<x + y = 0'mS, thus, since S is a lower subset of S, Xi < in S. Hence, 
as 5 is conical, Xj = 0, so x — 0. Hence y = 0. □ 

2-2. Direct decompositions of partial refinement monoids 



Definition 2-2.1. An idea/ of S is a nonempty subset I oi S such that a+6 G I 
if and only if a G J and b £ I, for all a, b £ S such that a + 6 is defined. 

We define elements a and & of 5 to be orthogonal, in notation, a X 6, if x < a, b 
implies that x — 0, for all x G 5. If X and Y are subsets of S 1 , then we define 
X17 to hold if x _L y for all (x, y) G X x Y. We shall put 



If A = {x}, a singleton, then we write x ± instead of {a;}" 1- . In particular, X _L Y 
if and only if Y C A x , if and only if A C Y^ . 

Lemma 2-2.2. 

(i) ole and 61c implies that a + b _L c, for all a, b, c G S such that a + b 
is defined. 

(ii) The set X 1 - is an ideal of S, for all X C S. 

(iii) a 1 6 and a, b < c implies that a + b is defined and a + b < c. 

Proof, (i) Let x < c,a + b. By refinement, there are a', b' G S such that 
a' < a, b' < b, and x = a' + V . So a 1 < a, c, whence a' = 0. Similarly, b' = 0, so 
x = 0, thus proving a + & _!_ c. 

(ii) is an obvious consequence of (i). 

(iii) By the definition of <, there are a', b' G S such that a + a' = b + b 1 = c. 
By applying refinement to the equality a + a' = b + b' and by using the assumption 
that a _L b, we obtain i 6 S such that a' = b + t and b' = a + 1. Since a + a' is 
defined, a + b is defined, and c = a + b + t>a + b. □ 

Notation 2-2.3. For n G N and A , . . . , A„_i C S, we put 



In this section, we shall fix a conical partial refinement mon- 
oid S. We shall denote by < the algebraic preordering of S. 



X 1 - = {s G S | s 1 x, for all x G A}, 



for all ICS. 



(2-2.1) 
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2. PARTIAL COMMUTATIVE MONOIDS 



We shall also write ^2 i<n Xi instead of Xq + • • • + X n -%. If Xi = X for all i, 
then we shall abbreviate this further by nX. If Xi _L Xj for all i ^ j, then we shall 
write Xo © • ■ • © X n _\, or © i<n Xi, instead of ^2 i<n Xi, and we shall say that the 
sum of the Xi is orthogonal. 

Lemma 2-2.4. Let n G N and let Si, for i < n, be nonempty subsets of S such 
that S = © i<n Si. Then the following hold: 

(i) Si — (@)j-Ai Sj^j , for all i < n. In particular, Si is an ideal of S . 

(ii) For all x G S , there exists a unique decomposition x = ^2 i<n Xi such that 
Xi G Si for all i < n. 

Proof, (i) The sum of all the Sj is orthogonal, thus so is the sum of all Sj, 
for j ^ i. Furthermore, Si _L Sj, for all j ^ i, so Sj C S^. Hence, by using 
Lemma l2-2.2f ii). Qj^Sj C S^. Conversely, let x 6 S^~. By assumption, there 
exists a decomposition x = ^2j <n %j, where Xj G Sj, for all j < n. But Xi G Si, 

thus x A- x^, whence Xi = 0, so x 6 ®j^iSj- Hence Si = (®j^iSj\ . By 
Lemma r2-2.2f ii'l. it follows that Si is an ideal of S. 

(ii) Suppose x = J2 i<n Xi = J2i <n Vi> witn elements Xi, y l e S t , for all i < n. 
Since S satisfies refinement, there exists a refinement matrix of the form 





Vj U < n ) 


Xi (i < n) 


Z i,j 



with elements Zij G S, for all i, j < n. But if i =/= j , then Si _L Sj, whence z^.j = 0. 
Hence, Xi — z% t % — yu for all i < n. □ 

Remark 2-2.5. The direct product rii<n &i can ^ e naturally endowed with a 
structure of partial monoid, by defining the addition componentwise. In the context 
of Lemma 12-2.41 we obtain a map 

ip: S — > Si, x i t {xi)i <n with x — ~^^Xi, Xi G Si for all i < n. 

This map is a one-to-one homomorphism of partial monoids. However, it is not, in 
general, surjective: for arbitrary m, G Si, for i < n, the sum X)i<n a ' i ma y no ^ ^ e 
defined. But of course, if S is a (total) monoid, then tp is an isomorphism. 

Proposition 2-2.6. In the context of Remark 12-2.51 p is a lower embedding 
from S into Y[ i<n Si. 

Proof. Only part (iii) of the definition of a lower embedding is not completely 
trivial. 

Let x G S and (yi)i<„ G Y[ i<n Si such that (y,)i<n < p{x). Put p(x) = (x t ) l<n , 
so yi < Xi, for all i < n. By the definition of p, ^2 i<n x% is defined, and equal to x. 
By Lemma \2- 1.91 X)i< n 2/» ^ s a ^ so defined. Denote its value by y. By the definition 

of p, {yi)i<n = <p(y)- □ 

2-3. Projections of partial refinement monoids 

Standing hypothesis: S is a conical partial refinement monoid. 
We denote again by < the algebraic preordering of S. 



2-3. PROJECTIONS OF PARTIAL REFINEMENT MONOIDS 
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Definition 2-3.1. A projection of S is an endomorphism p of (S, +,0) such 

that 

x £ p(x) + {pS) ± , fornixes. 

In particular, if p is a projection of S, then p(x) < x, for all x £ S. Thus p(0) — 
0. Furthermore, p preserves the algebraic preordering of S, see Definition 12-1.31 

Proposition 2-3.2. Let p be an endomorphism of S. Then the following are 
equivalent: 

(i) p is a projection of S . 

(ii) There are ideals Sq and Si of S such that 

(a) S = S ®Si. 

(b) p(xo + x\) = xq, for all (xq,Xi) £ So X Si such that x$ + xi is 
defined. 

Proof. (ii)=>(i) is easy. 

(i)=>(ii) Assume (i). We put Sq = pS and Si = {pS) 1 - . By the definition 
of a projection, S = Sq + Si. Since So -1 Si, it follows that S = Sq 65 Si. In 
particular, So and Si are ideals of S (see Lemma l2-2.4f i)). For x £ S, let y £ Si 
such that x = p{x) +y. If a; = xq + xi in S such that Xj £ Si for all i < 2, then, by 
Lemma l2-2.4f iiV p(x) = xo and y = x\. □ 

COROLLARY 2-3.3. Every projection of S is idempotent. 

In the context of Proposition !2-3.2r ii') , we observe that So = pS while Si = 
p _1 {0} = Sq = (pS) ± . In particular, p is determined by So alone, so we shall call 
p the projection of S onto So- 

Definition 2-3.4. A direct summand of S is a subset X of S such that S = 
X © Y, for some Y C S. 

Of course, by Lemma [2-2.41 X is then an ideal of S, and Y = X , so S = 
X© A- 1 . 

It follows that the direct summands of S are exactly the ranges of the projec- 
tions of S. 

Furthermore, by exchanging the roles of So and Si, we obtain another projec- 
tion, which we shall denote by p^ . Formally, p- 1 is the unique projection of S such 
that p^S = (pS) 1 - and (p i ) _1 {0} = pS. We observe that p ±A - = p. 

Notation 2-3.5. Let ProjS denote the set of projections of S. We shall also 
often use the notation Proj* S = Proj S \ {0}. 

We shall now study the structure of Proj S, towards Proposition 12-3. Ill 

Lemma 2-3.6. Let p, q 6 ProjS. The the following holds: 

(i) s = ( P s n q S) © ( P s n q ± s) © ( P ± s n gS) © { P ± s n q ± S). 

(ii) Let r denote the projection from S onto pS n gS. TTien r = pq = qp. 

PROOF, (i) It is obvious that all ideals pS n qS, pS R g x S, p x S n gS, and 
p x S n q ± S are pairwise orthogonal. Let x G S. Since S = pS + (pS)^, there 
exists a decomposition x = Xo + Xi, where Xo € pS and xi £ (pS) ± . For i < 2, 
Xi £ qS + (qS)^, thus Xj = x^o + x^i, for some x^o £ qS and Xi ; i £ (qS) . Since 
pS and (pS)- 1 are ideals of S, xo.o £ pS fl gS, xo,i £ pS (~l q S, xi.o £ p^S D qS, 
and Xi^i £ p ± S n g S. Observe that x = xq.o + £o,i + ^1,0 + ^1,1- 



22 



2. PARTIAL COMMUTATIVE MONOIDS 



(ii) Since both p and q act as the identity on pS R qS, so does pq. Furthermore, 
q(x) — for all x G q S and pq(x) = p(x) = for all x G p S fl qS 1 , so, = r. By 
symmetry, r = qp. □ 

We shall put p A q = pq = qp, for all p, q G Proj S*. 

Corollary 2-3.7. TTie structure (Proj S*, A) is a semilattice (i.e., an idempo- 
tent commutative monoid). 

We endow Proj S with the partial ordering < defined by 

p < q if and only if p A q — p, for all p, q G Proj S. 

For this partial ordering, pAq is, of course, the infimum of {p, q}. The least element 
of Proj S is (the zero map), while the greatest element of Proj S is ids (the identity 
on S). 

Lemma 2-3.8. Let p, q G Proj S. Then the following holds: 

(i) P — <Z if an d on ly if pS C qS if and only if p(x) < q(x) holds, for all 
x G S. 

(ii) p A q = i/ and only if q < p . 
Proof, (i) If p < q, then pS = qpS C qS. 

Suppose now that pS C qS. Let x G 5. The inequality p(x) < g(x) holds 
for all x G pS* (because then p(x) = x = q(x)) and for all x G p^S (because then 
p(x) — < (7(2;)), so it holds for all x G S since 5 = p5 +p ± S. 

If p(a;) < q(a;) for all x G S*, then j»(.t) G qS 1 since qS is an ideal of S, so 
(jp(a;) = p(x). Hence p < q. 

(ii) By Lemma p A q = if and only if pS (~) qS = {0}. Hence, pAg = 

if and only if qS C (pS) 1 - = p^S, if and only if q < p^ by (i) above. □ 

Corollary 2-3.9. The map p i— > p 1 - is an involutive anti- automorphism of 
(Proj5,<). 

Proof. We already know that p = p, for all p G Proj S. Furthermore, by 
Lemma \2- 3. 81 p < q implies that q < p , for all p, q € Proj S". □ 

Since (Proj 5 1 , <) is a meet-semilattice, we thus obtain the following. 

Corollary 2-3.10. (Proj 5, <) is a lattice. 

So we denote by p V q the supremum of {p, q}, for all p, q G Proj 5 1 . We can 
strengthen Corollary 12-3 .101 right away. 

PROPOSITION 2-3.11. (Proj 5, <) is a Boolean algebra. 

Proof. By Corollary 12-3.101 (Proj S, <) is a lattice. Furthermore, p- 1 is a 
complement of p, for all p G Proj S. Hence, to conclude the proof, it suffices to 
prove distributivity. The argument below is classical, and it can be traced back to 
Glivenko's work, see, for example, jHJ §V.ll]. 

So, let p, q, r G Proj S. We put 

s = p A (q V r ) and t = (p A q) V (p A r) . 

Then t 1 ApAg = f 1 ApAr = 0, which implies, by Lemma 12-3. Sf ii). that t^ Ap < 
q and f 1 A p < r , thus, meeting both inequalities, t hp < g 1 A r 1 . By 
Corollary l2~3~31 ? x Ac 1 = (^Vr) 1 , so it follows that t" 1 A p A (q V r] ) = 0, that is, 
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by Lemma |2-3.8f ii ). t < s^; whence s < t. But the converse inequality s > t is 
obvious, thus s = t. □ 

Notation 2-3.12. For p, q, r e Proj S, let r = p © g hold just in case r = p\J q 
and p A g = 0. 

Lemma 2-3.13. Lei p, q e Proj 5 swc/i i/iaf p A <j = 0. Tften 

(p V = p(x) + q(x), for all x S S. 

PROOF. Let x <E S, and put r — p V q. We apply the definition of a projection 
to p and to q. So there are u £ (pS 1 )^ and w 6 (gS*^ such that r(x) = pr(x) + u = 
qr(x) + v. We observe that pr(x) — p(x) and qr(x) — q(x). By applying the 
refinement property to the equality p{x) + u = q(x) + v and by observing that 
p(x) _L q(x), we obtain t € S such that u — q(x) + 1 and u = p(x) + t. On the one 
hand, t < u,v, thus t Gp 1 S , ng 1 S = r S, see Lemma f2-3.6l On the other hand, 
t < r(x). Hence, t = 0, so r(x) = + m = p(a;) + q(x). □ 

Notation 2-3.14. For x, y, z e S, z = x A y is the statement 

z < x,y and Vt, t < x,y 1 < z. 

We define, dually, the statement z = x V y. Note that z is uniquely defined by 
either statement only in case < is antisymmetric. 

Similarly, one can define the notations a = ai and a = Vie J a * - 

Proposition 2-3.15. Let p, q e Proj S, let x € 5. Tften ifte following state- 
ments are satisfied: 

(p A q)0) = A (p V q)(x) = V q(x). 

Proof. We put r = p A q and s = pV q. 

By Lemma \'2- 3 .81 r(x) < p(a;),q | (x). Let y € S such that ?/ < p(x),q(x). Since 
pS 1 and g5 are ideals of S (see Lemma l2-2.4f i)). y <E pS C\ qS, so p(y) = q(y) = y. 
Thus ?/ = pq(y) — r(y) < r{x). Hence rix) — p(x) A q{x). 

By Lemma 12-3.81 p{x),q(x) < s(x). Let y G S such that p(x),q(x) < y. Thus, 
a fortiori, pix), (p 1 - Aq)(x) < y. Since Proj S is a Boolean algebra, s = p(B (p A g). 
It follows, by Lemma F2-3.13I that s(x) = p(x) + (p 1 - A q)(x), thus s(x) < y by 
Lemma f2- 2 . 2f iii) . Hence s(x) =p(x) V q(x). □ 

If S* is a toia/ (as opposed to partial) monoid, then the projections of S cor- 
respond to direct decompositions of S, thus, they preserve arbitrary suprema and 
infima. For our partial structures, the corresponding result still holds. 

Lemma 2-3.16. Letp be a projection of S. For every family (ai)ig/ of elements 
of S and every a € S, 

(i) If I =/= 0, then a = /\ ieI ai implies that p(a) = Aie/ P( a i) • 

(ii) Suppose that any two elements of S have a meet. Then a = \f ieI a; 
implies that p (a) = ViG/P( a 0- 

Note. The natural settings of Lemma 12-3.161 are in situations where S is 
antisymmetric as well. However, that condition is not, strictly speaking, necessary, 
if we use the interpretation of the symbols /\ and \J given in Notation |2~3~T1 
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Proof, (i) Of course, p(a) < p(cn), for all i. Let b be a minorant of {p(a,i) | 
ie/}. Since / is nonempty, 6 belongs to pS, so p(b) = b. Since b is also a minorant 
of {ai | i G I}, b < a. Hence, b = p(b) < p(a). 

(ii) Of course, p{ai) < p(a), for all i. Let 6 be a majorant of {p(a,) | i G /}. 
Since p(a) is also a majorant of {p(cii) \ i G 1} and by assumption, c = p(a) A b 
exists and it is a majorant of {p(a,i) | i G /}. From c < p(a) it follows that 
c + p ± (a) is defined. Furthermore, ai = p{ai) +p ± (a i ) < c + p ± (a), for all i E I, 
thus a < c + p- L {a). Therefore, p(a) < c <b. □ 

Definition 2-3.17. Suppose that S is antisymmetric. For a, b, c <G S, let 
c = b \ a mean that c is the least x e S such that 6 < a + a;. We say that c is the 
feast difference of 6 and a. 

Lemma 2-3.18. Suppose that S is antisymmetric, let a <b in S. Ifb\a exists, 
then b = a + (b \ a). 

Proof. Put c = b \ a. Since a < b, there exists d E S such that 6 = a + d, 
thus, by the definition of the least difference, c < d, whence b<a + c<a + d = b. 
Therefore, since S is antisymmetric, b = a + c. □ 

Lemma 2-3.19. Suppose that S is antisymmetric and that b \ a exists for all 
a, b e S such that a < b. Then p(b \ a) = p(b) \ p(a), for all a, b G S such that 
a < b and all p G Proj S. 

PROOF. From b < a + (b \ a) it follows that p(b) < p{a) + p(b \ a), thus 
p(b) \ p(a) < p(b \ a). Conversely, put d = p(b) \ p(a). Then p(b) < p(a) + d 
by definition, while we also have p ± (b) < p- L {a) +p- L {b \ a), thus, adding the two 
inequalities together (and observing that, since d < p(b\a), d+p ± (b\a) is defined), 
we obtain the inequality b < a + d + p ± (b\a). It follows that b\a < d + p ± (b\a), 
whence, by applying p, we obtain that p(b \ a) < d. Therefore, d — p(b \ a). □ 

2-4. General comparability 

Standing hypothesis: S is a conical partial refinement monoid. 
We denote again by < the algebraic preordering of S. 

Definition 2-4.1. We say that S has general comparability, if for all x, y G S, 
there exists p G Proj S such that p(x) < p(y) and p^{x) > p^{y). 

We give a sufficient condition that implies general comparability. 

Lemma 2-4.2. Suppose that S satisfies the following axioms: 

(i) Va, b, 3c, x, y such that a = c + x, b = c + y, and x _L y. 

(ii) S = a 1 - + a , for all a G S. 
Then S satisfies general comparability. 

Proof. Let a, b G S. Consider c, x, y as in (i). By (ii), there exists p G Proj S 
such that pS = x 1 - a,nd p^S = x ±± . So p(x) = and p ± (y) — 0, whence p(a) < p(b) 
&ndp- L (b) <p ± {a). □ 

Lemma 2-4.3. Suppose that S has general comparability and that the algebraic 
preordering of S is antisymmetric. Let a, b <E S. The following assertions hold: 

(i) The pair {a, b} has an infimum. 

(ii) // the pair {a, b} is majorized, then it has a supremum. 
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A partially ordered set satisfying (i) and (ii) above is sometimes called a chopped 
lattice. 

Proof. By general comparability, there exists p G Proj S such that p(a) < p(b) 
and p (a) > p (b). So c = p(a) + p J ~(b) is defined, and c < a, b. Furthermore, it is 
easy to verify that c = a A b. 

Similarly, if the pair {a, b} is majorized by an element e, then d = p(b) +p- L (a) 
is defined, and d < e. It is easy to verify that d = a V b. □ 

Notation 2-4.4. For a, b e 5, let a < b hold, if a + b = b. We also say that b 
absorbs a. 

We recall the following axiom, see | 53L I54| : 
The pseudo-cancellation property: 

Va, b, c, a + c = fo + c=> 3d, 3ti, u <C c such that a = d + u and b = d + v. 

If a + c = 6 + c, a = rf + u, b = d + v, and u, w <C c, then b + u is defined (because 
w < c and 6 + c is defined) and b + u = d + u + v>a. Hence we obtain the following 
weaker version of the pseudo-cancellation property: 

Va, 6, c, o + c<i + c=i>3i<c such that a < b + x. 

Lemma 2-4.5. Suppose that S has general comparability. Then S satisfies the 
pseudo- cancellation property. 

Proof. Suppose a + c = b + c in S. By using refinement, we find a refinement 
matrix as follows: 





b 


c 


a 


t 


a' 


c 


b' 


c! 



By general comparability, there exists p S Proj S such that p(a') < p(b') and 
p- L (6 / ) < p x (a'). Let u, v £ S such that p(o') + u = p(b') and p x (6') +u = p ± (a'). 
Then 

p(c) =p(b') +p(c') =p(a')+p(c')+v =p(c) + v, 

p^(c)^p^{a l )+p^(c') =p X {b')+p X (c')+u =p x {c)+u, 

It follows that u + c = v + c = c. Put d = t+p(a')+p ± (b'). By using Lemma r2-3.13l 
we obtain the equalities 

a = t + a' = t + p{a!) +p ± {a') = d + u 

b = t + b' = t+p(b') +p ± (b') = d + v. □ 

Corollary 2-4.6. Suppose that S has general comparability. Then S is sep- 
arative, that is, it satisfies the statement 

Va, 6, c, (a + c = b + c and c < a, b) => a = b. 

Proof. Let a, b, c £ S such that a + c = b + c and c < a, b. By Lemma T2-4.5I 
there are d, a' , b' £ S such that a = d + a' , b = d + b' , and a' , b' <^ c. In particular, 
a' , b' < c, thus, since a + c and b + c are defined, a + b' and 6 + a' are defined, see 
Lemma f2- 1.91 Note that a + b 1 = b + a' . However, c < a, b, thus, since a' <C c, we 
obtain that a' <C 6, so + a' = o. Similarly, a + b 1 = a. Therefore, a = b. □ 
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Definition 2-4.7. An element c of S is 

- directly finite — ii, if x + c = c implies that x — 0, for all i 6 S, 

- cancellable, if x + c = y + c<ES implies that x = y, for all a;, z/ G S 1 . 

We say that S is stably finite, if every element of S is directly finite. We denote 
by Sfm the subset of S consisting of all directly finite elements. 

It is obvious that every cancellable element is directly finite. By Lemma 12-4.51 
we obtain immediately the following converse. 

Lemma 2-4.8. Suppose that S has general comparability. Then every directly 
finite element of S is cancellable. 

2-5. Boolean-valued partial refinement monoids 

Standing hypothesis: S is a conical partial refinement monoid. 
We denote again by < the algebraic preordering of S . 
For elements a and b of 5, it follows from Proposition l2-3.15l that the set of all 
projections p of S such that p(a) < p{b) is closed under finite join. We shall now 
consider a stronger statement. 

Definition 2-5.1. For a, b £ S, we shall denote by \\a < b\\ the largest projec- 
tion p of S such that p(a) < p(b) if it exists. Hence, \\a < b\\ G Proj S. 

We say that S is Boolean-valued, if the Boolean value \\a < b\\ is defined, for all 
a, b G S. 

Notation 2-5.2. For a, b G S, if both \\a < b\\ and ||6 < a\\ are defined, we put 
||o=&|| = ||o<&||A||6<o||. 

Lemma 2-5.3. Assume that S has general comparability. Let a G S, and suppose 
that \\a = 0|| is defined. Then the following assertions hold: 

(i) ^ = ||a = 0||5. 

(ii) a x± = \\a = 0\\ ± S. 

(iii) S' = a ± ©a- L - L . 

Proof, (i) Put p = \\a = 0||. For x G pS such that x < a, we have x = p(x) < 
p(a) = 0. Hence p5 C a 1 . 

Conversely, let x G a . By general comparability, there exists q G Proj S such 
that q(a) < q(x) and q (x) < q (a). Since a J- x, the equalities q(a) = q (x) = 
hold. It follows from the definition of p that q < p. Therefore, p ± (x) < q (x) = 0, 
so x G pS. 

(ii) follows immediately from (i), while (iii) follows immediately from (i), (ii), 
and the fact that \\a = 0|| is a projection of S. □ 

Lemma 2-5.4. Assume that S has general comparability. Let a G S. Then 
|| a = 0|| exists if and only if S = a . (B a- 1 - 1 . 

Proof. If ||a = 0|| exists, then S — a^^a- 11 - by Lemma l2*-5.3f iii'). Conversely, 
suppose that S = a ± © a . So there exists a unique projection p of S such that 
pS = a- 1 . From p(a) < a and p{a) G a it follows that p(a) — 0. Let q G Proj S 
such that q(a) = 0. We claim that q(x) _L a, for any ieS. Indeed, let y G 5 such 
that y < q(x), a. From y < q(x) it follows that q(y) = y, thus y = q{y) < q{a) = 0, 
so y = 0, thus establishing our claim. So qS C er 1 - = pS*, whence g < p by 
Lemma l2~CT i). Therefore, p = \\a = 0||. □ 
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Definition 2-5.5. Let a, b G S. We say that a is removable from b, and we 
write a <C rcm b, if the following conditions hold: 

(i) a < b. 

(ii) 6 < a + x implies that b < x, for all ieS. 

In particular, we observe that a <C re m 6 implies that a + b < b (the converse 
does not hold as a rule). In particular, in case S is antisymmetric, a <C rC m b implies 
that a <C b. 

Lemma 2-5.6. Let a, b, c G S such that either a <C rC m b < c or a < b <C rC m c. 
Then a <C r0 m c. 

PROOF. In both cases, it is trivial that a < c. 

Suppose that a <C TO m b < c. Let x e S such that c < a + x. So b < a + x, thus, 
since a <C TO m b, b < x, that is, x = b + y for some y. Hence c < a + x = a + b + y. 
But a <C rcm b, thus a + 6<&, soc<6 + y = x. So a <C rC m c. 

Suppose now that a < 6 <^rcm c. Let ieS such that c < a + x. So c < b + x, 
thus (since b ^ rcm c) c < x. So, again, a <^ lcm c. □ 

Lemma 2-5.7. Suppose that S is antisymmetric (that is, the algebraic preorder- 
ing of S is antisymmetric) and that S has pseudo- cancellation. For all a, b, c G S, 
the following assertions hold: 

(i) a < b < a + c implies that there exists x < c such that b = a + x. 

(ii) If a < b in S, then a <C TO m b if and only if b = a + x implies that b = x, 
for all x e S. 

Proof, (i) Since a < 6, there exists y G S such that b = a + y. Hence 
a + y < a + c, thus, by pseudo-cancellation, there exists u a such that y < u + c. 
By refinement, there are v < u and x < c such that y = v + x. Since S is 
antisymmetric, w«a. Hence, b = a + y = a + x, with x < c. 

(ii) We prove the nontrivial direction. So, suppose that b = a + x implies b = x, 
for all x G S. Now let x G S such that b < a + x. By (i) above, there exists y < x 
such that b = a + y. By assumption, b — y; whence b < x. □ 

Lemma 2-5.8. Suppose that S is antisymmetric and satisfies general compara- 
bility. Let a, b G S. 

(i) If a < rom b, then p(a) < rcm p(b), for all p G Proj S. 

(ii) Let (pi)i£i be a family of projections of S. We assume that both a = 
\J ieI Pi{a) and b = \/ ieI Pi(b) are defined. If p l (a) < rom Pi{b) for all 

i E I, then a <C TO m b. 

(iii) Let n < u>, let {pi)i< n be a finite sequence of projections of S, and let 
P = Vi<„K- IfPi{o) «rcm Pi(b) for all i < in, then p(a) < rcm p(b). 

PROOF, (i) It is clear that p(a) < p(b). Now let x G 5* such that p(a)+x = p(b). 

So, 

b = p(b)+p ± (b) 
^p(a)+p ± (b)+x 

= p(a)+ p 1 - (a) +p ± (b)+x (because p 1 - (a) < p 1 - (b) ) 

= a + p- L (b) + x. 
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Since a <Crem b, it follows that p (b) + x — b; whence p(b) — p(x) = x. By 
Lemma EHIHii), p{a) d™ p(b). 

(ii) Observe first that a < b. Let x s 5 such that a + x = 6. Observe that 
Pi (a) < a < a for all i£ J; hence Pi(a) = Pi(a). Similarly, p;(o) = Pi(b). Therefore, 
p l (a)+p i (a;) = for all i, hence, since p,- (a) <C rcm ft (6), = ft(x) < x. T his 

holds for all i, whence b < x, so x — b. The conclusion follows from Lemma F2-5.7f ii). 

(hi) By Proposition I2J3T5] p(a) = M i<n Pi(a) and p(b) = \J i<n Pi(b). The 
conclusion follows then from (ii). □ 

COROLLARY 2-5.9. Suppose that S is antisymmetric and satisfies general com- 
parability. For all a, b, c € S, if a <C rC m b, c, then a <C r em b A c. 

Proof. By general comparability, there exists p e Proj S such that p(b) < p{c) 
and p (c) < p (6). Then, as in the proof of Lemma [2-4.31 & A c = p(b) +p- L (c). 
By Lemma l2-5.8f iL p(a) ^C rcm p(6) = p(& A c) and p x (a) -Crem P ± ( c ) — P^ib A c). 
Hence, Lemma |2-5.8f iii'l implies that a <^ rC m b A c. □ 

Definition 2-5.10. An element a of S is purely infinite, if 2a = a. 
We denote by S f | 0O the set of all purely infinite elements of 5. 

We observe that the only element of S which is both directly finite and purely 
infinite is 0. 

Lemma 2-5.11. Suppose that S is antisymmetric and satisfies general compa- 
rability. Then S\oc is closed under finite infima and suprema. 

Proof. This is clear from the descriptions of pairwise infima and suprema 
given in the proof of Lemma f2-4. 31 □ 

Lemma 2-5.12. Suppose that S is antisymmetric. Let a, b € S such that a < b. 
If either a or b is purely infinite, then a <C 6. 

Lemma 2-5.13. Suppose that S is antisymmetric, Boolean-valued, and that it 
has general comparability. Let a £ S\oo and b G S such that a < b. Putp = \\b < a\\. 
Then p- L (a) <C rcm ^(6). 

Proof. By the definition of p, p(b) < p(a). Since S is antisymmetric, p(a) = 
p{b). Furthermore, p ± (a) < p ' (b) (because a < b). 
Let igS such that 

p ± (b)=p ± (a) + x. (2-5.1) 
By general comparability, there exists q 6 Proj S such that 

q(x) < q{a) (2-5.2) 

q ± (a)<q ± (x) (2-5.3) 
By applying q to (|2-5.1|) . we obtain that 

qp ± (b) = qp ± (a)+q(x). (2-5.4) 

However, x < p (b), thus p ± (x) = x, so q(x) = qp (x) — p q(x) < p q(a) — 
qp ± (a). Hence, by Lemma T2-5. 121 qp ± (a) +q(x) = qp- L (a), so, by (|2-5.4|) . qp (b) = 
qp (a). By the definition of p, qp 1 ' < p, thus, since qp 1 - < p 1 -, qp 1 - = 0, that is, 
q < p. Hence p x < q 1 -, thus, by l|2-5.3(l . p ± (a) < p^ix) = x. Hence, by H2-5.1|l and 
by Lemma 12-5.1 21 x = p x (o). We conclude the proof by Lemma l2-5.7f ii). □ 
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We now introduce a useful definition. 

Definition 2-5.14. For a G S, the central cover of a, denoted by cc(a), is 
denned as ||a = 0|| . 

Note that a = cc(a) ± S, by Lemma F2-5.3IT ). 

COROLLARY 2-5.15. Suppose that S is antisymmetric, Boolean-valued, and that 
it has general comparability. Let a G S\oo and b £ S such that a < b. Then a < C rom b 
if and only if q(b) < g(a) for all nonzero projections q < cc(b). 

PROOF. Assume first that a C rc m b, and let q < cc(6) be a projection such 
that q(b) < q(a). Then b < q(a) + q (b) < a + q^{b), and it follows from the 
assumption a <C re m b that b < q ± (b). Thus q(b) = 0, so q A cc(6) = 0, and hence 
o = 0. 

Conversely, assume that q(b) ^ q(a) for all nonzero projections q < cc(b), set 
p = \\b < a\\, and observe that p _L cc(6). By Lemma 12-5.131 p ± {a) <C rG m P ± Q>), 
and so cc(6)(a) <C rcm cc(6)(6). Therefore a <C rC m b. □ 

Lemma 2-5.16. Assume that S is antisymmetric, Boolean-valued, and satisfies 
general comparability. Let a G S and let p G Proj S . 

(i) cc(a) < p if and only if a G pS. 

(ii) cc(p(a)) = p A cc(a). 

(hi) Suppose that a = \J ieI ai, for a family (ai)ig/ o/ elements of S. Then 

cc(a) = V ie /cc(a l ). 
(iv) cc(a A 6) = cc(a) A cc(6), /or ai/ a, 6 G 5. 

PROOF, (i) cc(o) < p if and only if p- 1 < ||a = 0||, if and only if p x (a) = 0, if 
and only if p(a) = a, if and only if a G pS. 

(ii) For all q G Proj S, q < \\p(a) = 0|| if and only if qp(a) = 0, if and only if 
IV < ll a = 0||, if and only if g < \\a = 0|| Vp 1 . Hence 

||p(o)=0|| = ||o = 0||Vir L . 

Therefore, cc(p(aj) = \\p(a) = 0|| = p A cc(a). 

(iii) By (i), for any p G Proj S, cc(a) < p if and only if a G pS", if and only if 
a; G pS" for all i (by Lemma |2-3 . 1 6f ii) ) . if and only if cc(a.;) < p for all i, if and 
only if Vie/ cc ( a i) < P- The conclusion of (iii) follows. 

(iv) It suffices to prove the inequality 

\\a A b = 0J| = \\a = 0|| V ||6 = 0|| . (2-5.5) 

Since a A b < a, b, the inequality ||aA6 = 0|| > \\a = 0|| V ||6 = 0|| is obvious. 
Conversely, put p = \\a A b = 0||. By general comparability, there are q, r G Proj 5 
such that g(a) < q(b), r(b) < r(a), and p — q V r. It follows that 

= q(a A 6) (because q < p) 

= q(a) A q(b) (by Lemma E3HHi)) 

= g(a) (because q(a) < q(bj), 

hence g < \\a = 0||. Similarly, r < ||6 = 0||, sop < \\a = 0||V||6 = 0||. This completes 
the proof of l(2~53|) . □ 
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2-6. Least and largest difference functions 

Standing hypothesis: S is a partial refinement monoid satisfy- 
ing the following additional properties: 

(1) S is antisymmetric. 

(2) S has general comparability. 

(3) S is Boolean-valued. 

(4) Every element of S is the sum of a directly finite element 
and a purely infinite element. 

Lemma 2-6.1. For all a € S, there exists p £ ProjiS* such that p(a) is directly 
finite andp ± (a) is purely infinite. 

Proof. By assumption on S 1 , there are elements x and y in S such that a — 
x + y, x is purely infinite, and y is directly finite. By general comparability, there 
exists p £ ProjiS* such that p(x) < p(y) and p^{y) < p (x). Since y is directly 
finite and p{x) < p{y) < y, p{x) is directly finite. But p(x) is purely infinite, thus 
p(x) — 0, and so p(a) = p(y) is directly finite. Since p (x) > p^{y) with p (x) 
purely infinite, p J ~(a) = p (z) +p (y) = P^ix) by Lemma l2-5.12l Therefore, p _L (a) 
is purely infinite. □ 

COROLLARY 2-6.2. For any a £ S , the following assertions hold: 

(i) There exists a largest purely infinite element u of S such that u < a. 

(ii) The element u is also the largest s £ S such that s <C a. 

(iii) There exists a unique v £ S such that a = u + v and u _L v. 

(iv) The element v is directly finite. 

Proof. By Lemma 12-6.11 there exists p £ Proj S such that p(a) is directly 
finite and p~ L (a) is purely infinite. Set u = p (a) and v = p(a). Observe that u < a 
and u is purely infinite, so u <C a. 

(ii) For any s £ S, s <C a implies that p(s) p(a). Since p(a) is directly finite, 
p(s) = 0, and thus s — p' L (s) < p' L (a) = u. 

(i) For any purely infinite t £ S such that t < a, it follows from Lemma \'2- 5. 121 
that t <C a, whence t < u by part (ii). 

(iii) , (iv) We already have a = u + v with u _L v and v directly finite. For any 
w £ S, if a = u + w with alai, then u + w = u + v, thus, by refinement (and since 
u _L v, w), v — w. □ 

Notation 2-6.3. For any a £ S, we shall denote by — the largest purely 
infinite element u of S such that u < a. 

Lemma 2-6.4. Let a, b £ S such that a + b is defined. Then 



Proof. First, — + — is purely infinite and below a + b, thus — + — < 



oo oo 1 J oo oo — oo 

Conversely, put c = a — . Then c + a + b = a + b, thus, by canceling the 
directly finite parts of a and b (use Lemma l2-4.8f) . c+ a + — = a + — , thus, again, 
c+ — + — = — + — . In particular, c < - + -. □ 

oooooooo ^ 3 — oooo 

Our next result involves the least difference function introduced in Defini- 
tionEEEa 
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Proposition 2-6.5. Let a < b in S; then b x a exists. 

Proof. By Lemma l2-6.ll there exists q £ Proj 5 such that q(a) is directly 
finite and q (a) is purely infinite. Let cq S S such that 

q{a)+c =q{b). (2-6.1) 

Put p = ||<?" L (6) < <7~ L (&) • Since qq^- = 0, the inequality q < p holds. Observe also 
the following equality: 

pq ± (b)=pq ± (a). (2-6.2) 

Since a < b and q ± (a) is purely infinite, it follows from Lemma 12-5.131 that 
p A -q^(a) <C rC m p ± q ± (b), that is, since p- 1 < q , 

p X (a) « rcm /(6). (2-6.3) 
In particular, we obtain the relation 

p x (a) <£p ± (b). (2-6.4) 
Since cq < q(b) < p(b), c — cq +p- L (b) is defined. So we obtain that 
b = p X (b)+pq ± (b) + q(b) 
= p ± (a) +p ± {b) +pq ± (a)+q(a) + c (by (l2~6~Tl) . i2~Ol . and J2H3) 
= a + c +p ± {b) 
= a + c. 

Furthermore, let x 6 S such that b < a + x. So q(b) < q(a) + q(x), that is, 
q(a) + c < q(a) + q(x). Thus, since q(a) is directly finite and by Lemma l2-4.8I we 
obtain 

c < q(x). (2-6.5) 

Furthermore, p ± (b) < p ± (a) +p ± (x), thus, by 12-6.311 . we obtain that 

p ± (b)<p ± (x). (2-6.6) 

By adding l|2-6.5|l and (|2-6.6|l together, we thus obtain that c < q(x) +p ± (x) < 
p{x) +p (x) — x. So we have verified that c = b \ a. □ 

A similar result holds for the existence of the "largest difference" . 

Proposition 2-6.6. Let a <b in S. Then there exists a largest element c of S 
such that a + c < b, and then b = a + c. 

The element c of the statement above will be denoted by b — a, the largest 
difference of b and a. 

PROOF. By the definition of the algebraic preordering, there exists d € S such 
that a + d = b. So c = — +d is defined (because — < a) and c < b. From — <C a it 
follows that a + c = b. If x 6 S is such that a + x < fo, then, by pseudo-cancellation 
(see Lemma r2-4.5|) . x < d + y for some y <^ a, so i < rf + ^ = c. □ 

COROLLARY 2-6.7. Let a, b S S. let X be a nonempty subset of S . We assume 
that a + x is defined for all x 6 X . 

(i) Ifb = /\X, thena + b = /\(a + X). 

(ii) If b = \J X and a + X is majorized, then a + b = \J(a + X) . 
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Proof, (i) Pick x € X. Since a + x is defined and b < x, a + b is defined. 
Furthermore, a + b < a + X. Conversely, let c < a + X. By Lemma 12-4.31 
c' = a V c is defined, and a < d < a + X. By Proposition I2-C.51 d \ a < X, so 
c' \ a < b. Therefore, by adding a on both sides of this inequality, we obtain that 
c < d = a + (c' \ a) < a + b. 

(ii) Pick a majorant c of a + X. In particular, c > a. By Proposition 12-6. f)l 
c — a>X, so c — a>b. Since c = a + (c ~ a), a + b is defined and a + & < c. This 
holds for any majorant c of a + X. Since a + b is itself a majorant of a + X, it is 
the supremum of a + X. □ 



CHAPTER 3 



Continuous dimension scales 

3-1. Basic properties; the monoids Z 7 , and 2 7 

The fundamental definition underlying this chapter is the following. 

Definition 3-1.1. A continuous dimension scale is a partial commutative mon- 
oid S which satisfies the following axioms. 

(Ml) S has refinement (see Definition 12- 1 . 1 2|) . and the algebraic preordering 

on S is antisymmetric. 
(M2) Every nonempty subset of S admits an infimum. Equivalently, every 

majorized subset of S admits a supremum. 
(M3) S has general comparability (see Definition 12-4. 1|) . 
(M4) S is Boolean- valued (see Definition l2-5.1[} . 

(M5) Every element a of S can be written a = x + y, where x is directly finite 
(Definition 12-4.7(1 and y is purely infinite (Definition 12-5 . lfljl . 

(M6) Let a, b be purely infinite elements of S. If a <C rcm b (sec Dcfinition l2-5.5fl . 
then the set of all purely infinite elements x of S such that a <dem x and 
x = b (sec (12-2. 1|) . pagcll9[) has a least element. 

A continuous dimension scale S is bounded, if it has a largest element. 

All axioms (M1)-(M5) have been considered in Chapter Axiom (M6) is a 
newcomer, whose importance will appear in Section 13-51 

We shall first give an alternative axiomatization of continuous dimension scales. 
In order to prepare for this, we first prove the following result, which extends the 
result of Lemma 12-4.21 

Proposition 3-1.2. Let S be a partial refinement monoid satisfying the fol- 
lowing properties: 

(1) S is antisymmetric. 

(2) Any two elements of S have a meet. 

(3) S satisfies Axiom (M5). 

Then the following assertions are equivalent: 

(i) S satisfies the following axioms: 

(Nl) Vet, b, 3c, x, y such that a = c + x, b = c + y, and x _L y. 

(N2) S = a 1 - + a^, for all aeS. 

(N3) b \ a exists, for all a, b € S such that a < b. 

(ii) S is Boolean-valued and it satisfies general comparability. 

PROOF. (i)=Kii) Let S satisfy (Nl), (N2), and (N3). The fact that S satisfies 
general comparability follows from Lemma T2-4. 21 Now we prove that 5 is Boolean- 
valued. So let a, b 6 S. By (N3), c = a \ (a A b) exists. For any projection p 
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of S, 

p(g) < p{b) if and only if p{°) 

if and only if p{°) 

if and only if p(a) \ p[a A 6) 

if and only if p(c) 



= p(a)Ap(b) 

= p(a A b) (by Lemma ET-3.16f iH 
= 

= (by Lemma l2-3.19|l . 

(3-1-1) 



By (N2), S = c 1 - + c ±J -. By Lemma c 1 - and c ±J - are ideals of S, thus, 
since c x (~l c ±A - = {0}, S 1 = c 1 - © c xx , hence, by Lemma 15-5.41 p = ||c = 0|| exists. 
Therefore, by lj3~l~rj) . ||a < 6|| exists, and ||a < 6|| = ||c = 0||. 

(ii)=>(i) Suppose that S is Boolean- valued and satisfies general comparability. 
We verify that S satisfies (N1)-(N3). 

(Nl) By general comparability, there exists p € Proj S such that p(a) < p(b) 
and p J "(6) < p^{a)- Let x, y E S 1 such that p(a) + y = p(6) and J3 X (6) + a; ~ p ± (a). 
Furthermore, since p(a) < p(6) and 6 = p(6) + p x (6), the element c = p(a) + p^ib) 
is defined. From x < p x (a) and y < it follows that x _L y. Finally, 

a = p(a)+p x (a) =c + x, 
b = p(b)+p ± (b) =c + y. 

Hence we have obtained (Nl). 

(N2) follows immediately from Lemma T2-5. 31 

(N3) follows immediately from Proposition 12-6. 51 □ 

COROLLARY 3-1.3. Let S be a partial commutative monoid. Then S is a con- 
tinuous dimension scale if and only if it satisfies the axioms (Ml), (M2), (M5), 
(M6), (Nl), (N2), and (N3). 

Remark 3-1.4. It follows from Corollary 13-1.31 that for a partial commutative 
monoid S, to be a continuous dimension scale is equivalent to the conjunction of 
the second-order axiom (M2) and a finite list of first-order axioms. 

As a corollary of this alternative description of continuous dimension scales, we 
observe the following. 

Definition 3-1.5. The direct product of a family (S'j)jgi of partial commutative 
monoids is obtained by endowing the ordinary cartesian product S = Yiiei ^ "with 
the partial addition defined by 

(ai)iei + (h)i e i = (aj + h)i e i, 

for all (ai)i£i, (&i)iei £ S. 

Of course, Definition 13- 1 . 51 is an obvious generalization of the definition of the 
product of finitely many partial commutative monoids introduced in Remark l2-2.5I 

It is trivial that the direct product of any family of partial commutative mon- 
oids is a partial commutative monoid. Far less trivial is the following preservation 
result. 

Lemma 3-1.6. Any direct product of a family of continuous dimension scales 
is a continuous dimension scale. 
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Proof. We use the characterization of continuous dimension scales obtained 
in Corollary E^Ql The proof is relatively long but very easy, so we will not give the 
details of it but rather the basic idea. A key point is to verify that the operations 
x i ► x , x i— > x , (x, y) i— > x A y, (x, y) i— > y \ x (for x < y), and the relations 
x < y, x ^Crcrn y, x J_ y, and y G x can be "read componentwise", that is, for 
example, if x = (xi)i e j and y = (jji)iei, then x < y if and only if Xj < yi for all i, 
x = Yliei x i i an< i so on - Once these simple facts are established, the verification 
of the axioms (Ml), (M2), (M5), (M6), (Nl), (N2), and (N3) is routine. □ 

For a continuous dimension scale S and elements a and b in a lower subset T 
of S, the orthogonality of a and b means the same in S and in T. We capture this 
pattern in a definition. 

Definition 3-1.7. 

(i) A statement ip(xi, . . . , x n ) in the language of partial commutative mon- 
oids is absolute, if for any continuous dimension scale 5, every lower 
subset T of S, and all elements a\, . . . , a n € T, S satisfies f(a\, . . . , a n ) 
if and only if T satisfies f(ai, . . . , a n ). 

(ii) A definable function y — ip(x±, . . . ,x n ) in the language of partial com- 
mutative monoids is absolute, if for any continuous dimension scale S, 
every lower subset T of S, and all elements a±, . . . , a n 6 T, tp(ai, . . . , a n ) 
is defined in S if and only if it is defined in T, and then both values are 
equal. 

Lemma 3-1.8. The following statements 

(i) x < y: 

(ii) x 1 y; 

(iii) x x C j/- 1 ; 

(iv) rr^ = t/- 1 ; 

(v) x < rein y 

and i/ie following function 

(vi) z = y \ x 
are absolute. 

Proof. Most items are trivial, except perhaps (v) and (vi). Let T be a lower 
subset of a continuous dimension scale S, let a < b in T. Since S is a continuous 
dimension scale, c = 6\a is defined in S. By Lemma l2-3.18l b = a + c, thus, since T 
is a lower subset of S, c G T. It readily follows that c = b \ a in T, which concludes 
the proof of (vi) (because c always exists). As a <C rcm b if and only if a < b and 
b \ a = b, item (v) follows immediately. □ 

As an easy consequence of Corollary 13-1.31 and Lemma 13-1.81 we obtain the 
following. 

Lemma 3-1.9. Let S be a continuous dimension scale, let T be a lower subset 
of S, viewed as a partial submonoid of S {see Definition I2-1.4|1 . Then T is a 
continuous dimension scale. 

We refer to Lemma 13- 7 . 1 1 for more information on lower subsets of continuous 
dimension scales. 
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We observe that trying to use the original axioms (M1)-(M6) for the proof of 
Lemma 13-1.61 would have been much more difficult, since we would have needed to 
understand the projections of the product Yl ieI Si- By using Corollary 13- 1.31 the 
proof is still somewhat tedious, but essentially trivial. 

We present another way to produce continuous dimension scales. 

Lemma 3-1.10. Let I be an upwards directed partially ordered set, let (Si)i^i 
be a family of continuous dimension scales such that Si is a lower subset of Sj, for 
all i < j in I . Then lJ eJ Si is a continuous dimension scale. 

Proof. The set S is, of course, endowed with the union of all the partial 
commutative monoid operations on all the Si-s. By using Lemma |3- 1.81 it is easy 
to verify that S satisfies (Ml), (M5), (Nl), (N2), and (N3). 

Let X be a nonempty subset of S; so there exists i € I such that lnS,:/0. 
Denote by a,j the meet of X n Sj, for all j > i in /. Then i < j < k implies that 
a j > a fci m particular, all the Oj-s belong to Si, and the meet of all the aj-s in Si 
is also the meet of X in S. Hence S satisfies (M2). 

Let a < rcm b in S\oo- There exists % £ I such that a, b £ Si. It follows 
from Lemma [3-1.81 that the statement a d cm b holds in all Sj with j > i, thus, 
since Sj is a continuous dimension scale, the set of all elements x £ Sjloo such 
that a C Icm x and x 1 - = b (we use Lemma 13- 1.811 has a least element, say, Cj. 
It follows again from Lemma 13-1.81 that Cj = Ci, for all j > i; denote by c this 
element, then c £ S\oo and c is minimum in the set of all elements x £ S\oo such 
that a <C rC m x and x = b . Hence S satisfies (M6). By Corollary 13-1.31 S is a 
continuous dimension scale. □ 

We now provide fundamental examples of continuous dimension scales. 

For an ordinal 7, the monoids Z 7 , R 7 , and 2 7 are defined in the Introduction: 

Z 7 = Z+ U {H c I < £ < 7}, 

M 7 = R+ U {K c I < £ < 7}, 

2 7 = {0}U{H ? |0<£<7}- 

We call the elements of Z + , K + , and {0} the finite elements of Z 7 , R 7 , and 2 7 , 
respectively. We endow each of the sets Z 7 , K 7 , and 2 7 with the addition that 
extends the natural addition on the finite elements and on the alephs (so N Q + N/3 — 
N^ if a < 0), and such that every finite element is absorbed by every aleph. Hence 
Z 7 , R 7 , and 2 7 are monoids (and not just partial ones). We also observe that the 
finite elements of Z 7 , R 7 , and 2 7 are precisely the directly finite ones. 

Therefore, the algebraic ordering on each of the structures Z 7 , R 7 , and 2 7 is 
the natural total ordering. 

Proposition 3-1.11. For every ordinal 7, the monoids Z 7 , R 7 , and 2 7 are 
totally ordered continuous dimension scales. 

Proof. All axioms (M1)-(M6) are trivially satisfied, except perhaps refine- 
ment. Let S be one of the structures Z 7 , R 7 , or 2 7 . Since every element of S 
is either cancellable or purely infinite, S satisfies the following weak form of the 
pseudo-cancellation property: 

Va, b, c, a + c = b + c ^ 3x <ti c, a < b + x. 

By Proposition 1.23 of [53] . since S is totally ordered, it has refinement. □ 
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Of course, one could also have verified refinement directly, but at the expense 
of a few more calculations. For example, start with the observation that Z + , R + , 
and {0} have refinement; note the easy fact that adjoining a new infinity element to 
any refinement monoid produces another refinement monoid; use ordinal induction. 

We shall also see in Proposition 13-2 . fl that the positive cone of any Dedekind 
complete lattice ordered group is a continuous dimension scale. Furthermore, 
Proposition 13- f . f"Tl will be considerably extended in Theorem l3-3.6l 

3-2. Dedekind complete lattice-ordered groups 

We recall that every Dedekind complete partially ordered group is abelian, see 
gD Theorem 28]. Much more is true. 

Proposition 3-2.1. Let G be a Dedekind complete lattice- ordered group. Then 
G + is a continuous dimension scale. 

Proof. It is trivial that the algebraic preordering on G + is antisymmetric. It 
is well-known that G + (or, more generally, the positive cone of any lattice-ordered 
group) satisfies refinement, see, for example, [5j Theoreme 1.2.16]. Hence G + 
satisfies (Ml). 

Axiom (M2) is just a reformulation of the fact that G is Dedekind complete. 
Axioms (M5) and (M6) are trivially satisfied, because every element of G + is 
directly finite. 

To verify that G + satisfies Axiom (M3), it suffices to verify that it satisfies the 
assumptions of Lemma |2-4.2I For a, b £ G + , if we put c=aAi, i = a-c, and 
y = b — c, then a — c+x, b = c+y, and xAy = 0. This takes care of Assumption (i). 

For x, y £ G, we define x _L y to hold, if |a;| A \y\ — 0, and we put 

X 1 - = {g £ G | g ± x for all x £ X}, 

the polar of X. Since G is Dedekind complete, the direct factors of G are exactly 
the polar subsets of G, see [5| Theoreme 11.2.4]. In particular, G = {a}^- + {a} xx , 
for all a £ G. Assumption (ii) follows. 

Finally, we verify that G + satisfies Axiom (M4). Let a, b £ G + . We put 
c = a — a A b. For a polar subset H of G, G is the orthogonal sum of H and H 1 - 
(see, for example, j5] Theorem 27]). In particular, the projection pu of G onto H 
(relatively to H ) is an idempotent homomorphism of lattice-ordered groups. By 
Proposition 12- 3 . 21 the projections of G + are exactly the restrictions to G + of the 
maps of the form p H , for a polar subset H of G. For any such H, ph{o) < Pn{b) 
if and only if p H (c) = 0, that is, H C {c} ± . Hence, the restriction of P{ c }± to G + 
is the largest projection p of G + such that p(a) < p{b). □ 

Lemma 3-2.2. Let S be a conical partial refinement monoid. If S is cancellative 
and satisfies Axiom (M2), then S (see Proposition I2-1.T3*|) is the positive cone of a 
Dedekind complete lattice- ordered group. 

Proof. By Proposition EHH31 S is a refinement monoid, and it is generated 
by S as a monoid. By Lemma I2-I.15f ii'). S is a cancellative commutative mon- 
oid, thus it is the positive cone G + of a directed, partially preordered abelian 
group G. Since S is conical, so is S (see Lemma l2-1.15f iii)). and hence G is, in 
fact, partially ordered. Since G + = S has refinement, G is an interpolation group, 
see Proposition 2.1 in |16j . 



38 



3. CONTINUOUS DIMENSION SCALES 



Claim 1. Let a, b, c £ S such that c is the infimum of {a, b} in S. Then c is 
also the infimum of {a, b} in G. 

Proof of Claim. Let x £ G be a minorant of {a, b}. Since G has interpola- 
tion, there exists y £ G such that 0, x < y < a, b. So y £ 5, hence x < y < c by 
the assumption on c. □ Claim 1. 

Claim 2. G is lattice- ordered. 

PROOF. We put X = {x £ G + \ s A x exists in G, for all s £ 5}. It follows 
from Claimn]that X contains 5. Let a, b £ X, we prove that a + b £ X. Let s £ 5, 
put s' = s- sAa. For any x £ G, 

x < s, a + b if and only if x < s, s + b, a + b 

if and only if x < (s A a) + s', (s A a) + b 

(because 1 i— ► t + & is an order-automorphism of G) 

if and only if x < (s A a) + (s' A &), 

so s A (a + 6) = (s A a) + (s' A b) . So X is closed under addition, whence X = G + . 
Then, replacing S by G + in the definition of X yields, by a similar argument, that 
a A b is defined, for all a, b £ G. □ 

Claim 3. Let X be a nonempty subset of S and a £ S. Lf a is the supremum 
of X in S, then it is also the supremum of X in G. 

PROOF of Claim. Let b £ G be a majorant of X. Then, using Claim|2 a A b 
is also a majorant of X, but < a A b < a, thus a Ab £ S. Since a is the supremum 
of X in 5, a = a A b < b. □ Claim 3. 

Claim 4. 25 satisfies Axiom (M2). 

Proof of Claim. Let X = {a \ i £ 1} be a nonempty subset of 25, majorized 
by some element of 25, say, a + b, where a, b £ S. We prove that X admits a 
supremum in G. 

By (i), 25 satisfies refinement, thus, for all i £ I, there are ai < a and bi < b 
in 5 such that Ci — a,; + bi. Since {a,; | i £ 1} is a nonempty subset of 5, majorized 
by a, it has, by assumption, a supremum in 5, say, u. Observe that ai < u (in 5) 
for all i, and put a* = u — a^. Then — a* Abi \ i £ 1} is a nonempty subset of 5, 
majorized by 6, thus it has a supremum, say, v, in 5. 

For all i £ I, bi < a* A bi + v < a* + v, thus, by adding to this inequality, we 
obtain that Ci < u + v. 

So, to conclude the proof, it suffices to prove that u + v is the least common 
majorant of X. So let x be a majorant of X. It follows from Claim[3]that u is the 
supremum of {a^ | i £ L} in G. Then < Ci < x, for all i £ I, thus u < x. Put 
y = u — x; observe that y £ G + . For i £ I, 

= a,i + bi < x = u + y = a,i + a* + y, 

so bi < a* + y. Since bi < h+y and G is lattice-ordered, bi < (a* + y) A {bi + y) — 
a* A bi + y, so bi — a* A bi < y. This holds for all i, thus, by Claim [21 v < y, so 
u + v<u + y = x. □ Claim 4. 
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The conclusion of the proof is then easy: 2 n S is a lower subset of 2 n+1 S, for 
each n < cu, and all the sets 2 n S satisfy (M2), thus their union, namely, G + , also 
satisfies (M2). Therefore, G is Dedekind complete. □ 

3-3. Continuous functions on extremally disconnected 
topological spaces 

We shall first present a very general result about continuous functions from 
extremally disconnected topological spaces to totally ordered sets with their interval 
topology. Some particular cases of this result are well-known. For example, if f2 
is a complete Boolean space, then C(0,R) is a Dedekind complete lattice ordered 
group, see Satze 1 and 3 in 43] and Theorem 14 in 47 . We also refer to [161 
Lemma 9.1] for a version of Proposition 13-3 . 2l for ft basically disconnected and K 
an arbitrary closed interval of R. 

We recall a basic result of general topology, see [201 Theorem 10]. 

Proposition 3-3.1. A topological space is the ultrafilter space of a complete 
Boolean algebra if and only if it is a complete Boolean space. 

Proposition 3-3.2. Let ft be an extremally disconnected topological space, 
let K be a complete totally ordered set. We endow K with its interval topology. 
Let f: ft — > K be a lower semicontinuous map. Then the map /*: fi — > K defined 
by the rule 

/*(*)= A for all x eVl, 

is continuous, and it is the least continuous map g: ft — > K such that f < g (with 
respect to the componentwise ordering of C(f2, K)). 

Proof. Obviously, / < /*. For any a £ K, we define subsets of ft by 
F a = {x £ ft | f{x) < a}, G a = {x £ ft | f*(x) <a}, G* a = {x E | f*(x) < a}. 
We record a few basic facts about the sets F a , G ai G* . 

Claim 1. For all a G K , the following assertions hold: 

(i) F a is closed. 

(ii) G a C F a . 

(iii) F a = G a . 

Proof of Claim, (i) follows from the lower semicontinuity of /. 

(ii) follows from the fact that / < /*. 

o o o 

(iii) By (ii), F a contains G a . Put V = F a . For any x £ V, we have V £ 3sf(x) 
and V/[^] — a ' hence f*(x) < a, that is, x £ G a . Hence V is contained in G a , 

o 

thus, since V is open, in G a . □ Claim 1. 

To prove that /* is continuous, it is sufficient to prove that G* is open and 
that G Q is closed, for any a £ K. 

We start with G* . For any x £ G* , there exists V £ 7f(x) such that \J f\V] < a, 
that is, there exists < a such that V C Fp. Since V is open, it follows from 
Claim Ufiii) that V CG , whence V C G* . 

Let now x £ G a , we prove that x £ G a . Suppose first that a is right isolated, 
that is, [a, 7] = {0,7} for some 7 > a. Then G a = G*, and so G a is open. 
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Since 17 is extremally disconnected, G a is clopen. On the other hand, it follows 

o o 

from Claim ^i, ii) that G a C F a . Therefore, by Claim ^iii), G a C F a = G a , so 
x G G a . 

o 

Suppose now that a is not right isolated, and put Up — Fp. Let V € N(x). 
By assumption, F (~l G a ^ 0, so there exists y G V such that /*(?/) < a. By the 
definition of /*, there exists W G N(y) such that \J f[W] < @, that is, W C i^. 
Since W is open, C Up as well, so y € JTa since y G W. Therefore, every 
neighborhood of a; meets L^, that is, x & Up. However, since 17 is extremally 
disconnected and Up is open, Up is open as well, thus Up G N(x). Furthermore, 
Up Q Fp, thus Up C Fp, thus, by Claim diii), Up C Gp. In particular, /*(x) < /3. 
This holds for all j3 > a, whence f*(x) < a, that is, x G G a . 

Therefore, in both cases, G a is closed. So we have proved the continuity of /*. 

Claim 2. If f is continuous, then f = f* . 

Proof of Claim. We prove in fact that for any x G Q, if / is continuous at x, 
then /(x) = f*(x). We have already observed that f(x) < f*{x). 

To prove the converse inequality, suppose first that f(x) is right isolated, and let 
7 > f(x) such that [f(x), 7] = {f(x),j}. Since f(x) < 7 and since / is continuous, 
there exists V G 'N(x) such that for all y G V, f(y) < 7, that is, f(y) < f(x). Thus 
f*(x) < hence /*(x) = /(x). 

Suppose now that f(x) is not right isolated. Since / is continuous at x, for any 
7 > f(x), there exists V G 3Sf(x) such that f(y) < 7 holds for all y G V. Hence 
/*(x) < V/M ^ 7- Tnis holds for all 7 > /(x) and /(x) is not right isolated, 
thus, again, /*(x) < f(x), hence /*(x) = /(x). □ Claim 2. 

If 5 > / is a continuous map from 17 to K, then, by Claim g = g* > /*; the 
minimality statement follows. □ 

We introduce a few convenient notations. 

Notation 3-3.3. We denote by On the proper class of all ordinals, and we 
extend the definitions of Z 7 , R 7 , and 2 7 (see Section 0OJ> defining further proper 
classes Z^, HL^, and 2^ as follows: 

Zoo = Z+ U {H Q I a G On}, 
Moo = R + U {K Q I a G On}, 
2oo - {0}U{N Q I a G On}. 

For k G 2qo, we define k + as the successor cardinal of k if k is an infinite cardinal, 
and we put + = No- That is, n + is the immediate successor of k in 2oo. 

Notation 3-3.4. Let Q be a set, let U be a subset of fi, let K be a set with 
a distinguished zero element 0, let /: O — * K. We denote by f\u the map from 12 
to K defined by the rule 

/Jt/W = S n , . s for all x G 17. 

10 (otherwise), 

Notation 3-3.5. Let 17 be a topological space, written as a disjoint union 
17 = |Ji<n wn ere n G N and 17 , . . . , 17„~i are clopen subsets of 17. Let K , . . . , 
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K n -i be topological spaces. We define the set 

C{^K Q ;Q 1 ,K 1 ;...;Q n _ l ,K n . 1 ) 
as the set of all maps /: fi — » [J i<n Ki such that f\n i G C(fij, Kj), for all i < n. 

Of course, C(fio, Kq\ fix, ATi; . . . ; fi n _i, if„_i) is naturally isomorphic to the 
direct product Ili<n C(f2i, -Kj). However, we find the present notation more con- 
venient for such statements as Proposition l3-7.9l 

Theorem 3-3.6. Let Q be an extremally disconnected topological space, written 
as a disjoint union Q = Oi U fin U flm, for clopen subsets Qn, f2ni of fi. Let 
7 be an ordinal. Then the space 



is a continuous dimension scale. 

PROOF. Let K be one of the totally ordered sets Z 7 , R 7 , or 2 7 , endowed with 
its interval topology and its natural monoid structure. We prove that S = C(fi, K) 
is a continuous dimension scale. The proof of the general case of Theorem 13-3.61 
follows since the direct product of any family of continuous dimension scales is 
again a continuous dimension scale, see Lemma 13-1.61 

We first observe that S is a total (as opposed to partial) commutative monoid. 
It is obvious that the algebraic preordering of S is antisymmetric and that S has 
a largest element. Furthermore, let (fi)iei be a nonempty family of elements of S. 
Define /: ft — > K as the componentwise join of all the /,-, for i G I. Then / is 
lower semicontinuous. By Proposition I3-3."21 there exists a least continuous map 
/*: Q — > K such that f < f*. Then /* is the supremum of {/,• | i e 1} in S. Hence 
S satisfies Axiom (M2). 

We now observe that f\u (see Notation l3-3.4|l belongs to S, for any f € S and 
any clopen subset U of O. If / is the constant function with value a, for a G K, 
then we shall write a\u instead of f\u, and we shall of course write a instead of 
a\n- 

We shall use the following notation. For f,g£S, we put 



We observe that [/ < g] and [/ = g] are closed, while [/ < gj is open. 

For any / £ S, put [// = [/< Ho]. Then Uf is open, thus, since is extremally 
disconnected, Uf is clopen. We put / = fl^TJj- Observe that / has only infinite 
values; in particular, it is purely infinite. 

Claim 1. Let f G S. Then the following are equivalent: 

(i) / is cancellable in S . 

(ii) / is directly finite in S . 



Proof of Claim. (i)=>(ii) is trivial. 

(ii)=>(iii) Suppose that / > 0. Then the clopen set V = £1 \ Uf is nonempty, 
and Kojy + / = /, so / is not directly finite. 



C(fh, fin, fini, 2 7 ) 



[/<<?] 
[/ = .9] 
[/ < .9] 



{xefl\ f{x) <g{x)}, 
{x e fi | f{x) = g(x)}, 

{x G fi | f{x) < g(x)}. 



(iii) / = 0. 
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(iii)=>(i) If/ = 0, then Uf is dense in O. Now let g, h S S such that f+g = f+h. 
Then g(x) = h(x) for all x € [// (because the values of / on [// are finite), thus, 
since [//is dense in Q, g = ft. Hence / is cancellable. □ Claim 1. 

We thus obtain Axiom (M5). 

Claim 2. Every element of S can be written under the form g + h, where g is 
cancellable and h is purely infinite. 

Proof of Claim. Let f e S. By Claim ^ 9 = fljjj is cancellable. We 

put ft = f. Since / = g + h and h is purely infinite, the conclusion of the claim 
holds. □ Claim 2. 

Now a weak form of pseudo-cancellation. 

Claim 3. S satisfies the following statement: 

Va, 6, c, a + c<& + c=> 3x, x + c = c and a < b + x. 

Proof of Claim. This follows immediately from Claims ^and [5J by putting 
x = c. □ Claim 3. 

~ f ... 
As a consequence, the equality f = J- holds (see Corollary 12-6. 2f) . for any 

/ G S, that is, / is, indeed, the largest geS such that g <C /. 

Furthermore, we observe that for f,gES, the componentwise meet / A <? of 
{/, g} belongs to 5, and it is the meet of {/, g} in S. Obviously, (/ + h) A (g + h) = 
if A <?) + ft, for all /, 5, h S. By using Proposition 1.23 of |53) . it follows that S 
satisfies the refinement property. So, S satisfies Axiom (Ml). 

Now we characterize the projections of S. For any clopen set U of f2, the map 
f ^ flu defines obviously a projection of S. 

Claim 4. S has general comparability. 



PROOF of Claim. Let f,geS. Put V = [/ < g\. Since £1 is extremally 
disconnected, V is clopen. It is obvious that pv(f) < Pv(g) and that pn\v(g) < 
pn\v(f)- □ Claim 4. 

Claim 5. Tfte projections of S are exactly the pu , where U is a clopen subset 
of SI. 

Proof of Claim. Let p be a projection of S. Put u = p(H 7 ) and u = p- L (K 7 ). 
Then K 7 = tt + v and iiAn = 0, thus there exists a clopen subset U of such 
that u = K 7 Jc/. So p{f) < flu, for all f € S. Conversely, / = p(f) +p ± (f) < 
P(f) + fln\u, thus flu < P (f). So p(f) = flu, for all / € S. □ Claim 5. 

Claim 6. S satisfies Axiom (M4). 

Proof of Claim. Let f,gES, we prove that there exists a largest projection 
p of S such that p(f) < p(g). For [/ a clopen subset of O, pu(f) < Pu(g) if an d 
only if [7 C F, where we put F = [/ < 3]. Since f2 is extremally disconnected, 

o 

F is clopen, hence, by Claim [5] p o is the largest projection p of S such that 
P(f)<p(g)- □ Claim 6. 
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By Claims El and El it follows that for any / G S, cc(/) = pu, where we put 

u = W<7\- 

It remains to verify (M6). 

Claim 7. For all f, g G S\oo, / <C rC m 9 if and only if f < g and 
|0 < g\ n [/ = <?] is nowhere dense. 

Proof of Claim. We use the alternate form of <S TOm given in Lemma E?-5.7f ii). 
justified by Lemma Pi-4 . 51 and Claim [3] 

We put A = [0 < gj n [/ = gj. Observe that [0 < gj = [H < g] (because 
g G S^oo), hence it is clopen. Hence A is closed. 

Suppose first that / <C r em 9- Of course, it follows that / < g. Towards a 
contradiction, suppose that A is not nowhere dense. Since fl is extremally discon- 

o 

nected, U — A is nonempty and clopen. Put h — g\n\u- Then f+h = g, thus, since 
/ 'Crcm 9, 9 — h, so g\ u — 0, a contradiction since U is nonempty and contained 
in[0< 5 ]. 

Conversely, suppose that / < g and that A is nowhere dense. Let h € S such 
that f + h = g. Let x e [0 < gj\A. Since f(x) + h(x) = g(x) with f(x) < g(x) and 
g(x) > K , h(x) = g(x). So g and ft, agree on [0 < g] \ A, with A nowhere dense 
and [0 < gj clopen, hence g and h agree on [0 < gj. It is obvious that both g and 
h are zero on \g — 0], so, finally, g — h. This proves that / C rcm g. □ Claim 7. 

Towards a proof of (M6), let /, g G 5|oo with / -Crem 5, and set A = [0 < g] fl 
[/ = .91 ■ We define a map / : fl — > A" by the rule 

(o (ifselff = 0]) 

/(a;) = <^ f( x ) (if ,x e A) for any x G ft. 

[f(x)+ (i£xe[0<g]\A), 

In the display above, f(x) is an element of 2 m , and f(x) + denotes the successor of 
f(x) in 2oo, see Notation l3-3.3l 

At this point, we observe the obvious inequality / < / < g. 

Claim 8. The map f is upper semicontinuous. 

PROOF of Claim. Let x e ft, and put a = f(x). Since /|[ g= o] = and 
\g = 0] is clopen, / is continuous at every point of [g — 0]. Now suppose that 
g{x) > 0. Suppose first that x G A. So g(x) = f(x) = a, thus V = [0 < g] n \g = a] 
is an open neighborhood of x. Let y G V. If y G A, then f(y) = f(y) = g(y) < a. If 
y <£ A, then f(y) < g(y) < a, thus f(y) < f(y)+ < a. Therefore, f\v <J\v <a. 
Since f{x) = a, it follows that / is continuous at x. 

Now suppose that x ^ A. Then V = [/ < a + ] is an open neighborhood of x, 
and f(y) < a and f(y) < a + for all y G V. So, if [3 G A such that /(x) < /3, 
that is, a + < (3, then /(y) < j3 for any ?/ G V. Hence / is upper semicontinuous 
at x. □ Claim 8. 

By Claim|H]and Proposition l3-8.2l fused for the dual partially ordered set of K), 
for any upper semicontinuous map k : fl — > A, there exists a largest element fc* of S 
such that fc* < k, and fc» is given by the formula 

K(x) = \/ f\k[V], for all x G ft. 
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By Claim |H1 we can apply this to k = /, thus obtaining an element ft = of S. 
Since the range of / is contained in 2 7 , so is the range of ft, whence ft G <S|oo- 
Furthermore, / < / < g and, since / is continuous, / = /* (sec Proposition 13-3. 2")) . 
thus 

/ = /. < 7* = h < f < g. 
It follows from the definition of / that f(x) > if and only if g(x) > 0, for any 
x G fl. Since [0 < <?] is clopen, it follows that [0 < g} = [0 < ft], whence 
cc(s) = cc(ft). 

Claim 9. The relation f <C r em ft holds. 

Proof of Claim. We have seen that f < h. Put B = [0 < ft] n [/ = ft]. 

o 

Towards a contradiction, assume that B =/= 0. Since A is closed and nowhere dense, 

o 

U = B \ A is a nonempty open subset of [0 < gj. Pick x G U such that a — f(x) 
is minimum. Then V — U f) [/ < a + J is an open neighborhood of x. For any 
y G V , f(y) < a and y G U, thus, by minimality of a, f(y) = a. This holds for any 
y G V, and V C [0 < <?] \ A, thus f(y) = a + for any y G V. Since V is an open 
neighborhood of x, h(x) = a + > a — f(x), which contradicts x G B. By Claim[7| 
/ <rcm ft- □ Claim 9. 

To conclude the proof of Theorem 13-3.61 it suffices to prove that if k is any 
element of S\oo such that / « rcm k and k = g , then ft < k. Observe first that 
from the assumption k 1 - — g^, Lemma T2-5.3IT ) implies that cc(fc) = cc(g), and so 
[0< fl ] = [0<fc]. 

Since / <C rC m k, f < k and B = [0 < fe] PI [/ = fe] is nowhere dense. For any 
x G [0 < /] \ B, the inequality f(x) < k{x) holds, thus h(x) < f(x) < f(x) + < 
k{x). Since B is nowhere dense and [0 < /] is open, ft|[o</] ^ ^l[o</]- Now 
let x G [/ = 0]. If g(x) = 0, then h(x) — < k(x). If g(x) > 0, then, since 
[0 < <?] = [0 < fc], k(x) > 0, so h(x) — Ho < k(x). Therefore, we have proved that 
ft < k. □ 

3-4. Completeness of the Boolean algebra of projections 

Standing hypothesis: S is a continuous dimension scale. 
We first prove the following lemma. 

Lemma 3-4.1. Let a, b G S and ICS such that b = \J X . If a T X, then 
a ±b. 

Proof. The statement a _L X means that X C a- 1 , that is, by Lemma [2-5.31 
X C \\a = 1 1 S. But by Lemma l2-3.16f ii'). the range of any projection of S is closed 
under suprema. In particular, b G \\a — 0|| S. □ 

We prove here an important structural result about Proj S. 

Proposition 3-4.2. The Boolean algebra Proj S is complete. If (pi)i^i is any 
family of projections of S , then, for all x G S, 

(i) If I + 0, then (A ieI Pi)(x) = A ieI Pi(x). 

Furthermore, if p — /\ ieI Pi, then pS = C\ i&I PiS. 
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PROOF. The cases of (i) and (ii) where I is finite follow from Proposition l2-3.15l 
Therefore, by replacing in (i) (resp., in (ii)) the family (pi)i£i by the family of all 
nonempty finite meets (resp., finite joins) of the Pi-s, we can assume without loss 
of generality that I is an upward directed partially ordered set and that i < j in I 
implies Pi >pj (resp., p l <Pj). 

Let us suppose that 

i < j implies that pi < pj, for all i, j £ /. (3-4.1) 
We consider only the nontrivial case where / =/= 0. The supremump(a;) = \J ieI Pi(x) 
is defined and p(x) < x, for all x £ S. Since 1^0, q(x) = Aie/Pi ( x ) is also 
defined. 

Claim 1. The maps p and q are endomorphisms of S. 

Proof of Claim. It is obvious that p(0) = 0. Let x, y, z £ S such that 
z = x + y. We compute: 

p(x) +p(y) = \J pi(x) + \J p 3 {y) 
iei jei 

= \/ (pt(x)+ Pj (y)) (by CoroUaryESpi)) 

= Y (p k (x) + Pk{y)) (because / is upward directed 

feei 

and by (JOjJ) 

= V Pk(x + y) 

kei 
= p(x + y). 

A similar argument, based on Corollarv l2-6.7f ih proves that q is an endomorphism 
of S. □ Claim 1. 

Claim 2. pS _L qS. 

Proof of Claim. Let x, y e S. For all i e /, Pi(x) _L p, x (y), thus, since 

Pi~(y) > l{y)i Pi( x ) -L l{v)- This holds for all i £ I, thus, by Lemma l3-4.ll 

p(x)±q(y). □ Claim 2. 

Claim 3. p and q are projections of S, and q = p . 

Proof of Claim. By the definition of a projection (Definition 12-3 .ljl and by 
Claim |3 it remains to prove that x = p(x) + q(x) for all x £ S. 

For all i G J, x = Pi(x) + pj-(x). Since q < p^~, Pi(x) + q(x) is defined and 
Pi(x) + q(x) < x. This holds for all i, thus, by Corollary 12-6 . 7f hi . p(x) + q(x) is 
defined and p(x) + q(x) < x. 

For all i £ I, Pi(x) < p(x) < x, thus x \ p(x) < x \ Pi(x) < pj~(x). By taking 
the infimum over all i, we obtain that x \ p{x) < q{x); whence x < p(x) + q(x). 

Therefore, x = p[x) + q{x). □ Claim 3. 

It follows easily (use Lemma l2-3.8f) that p = \J ieI Pi and that q = f\ ieI pj~- 
This proves simultaneously (i) and (ii). 

Finally, suppose that p — f\ ieI Pi- We prove that pS = f] ieI piS. For 1 = 0, 
this is trivial (p = 1), so suppose that 1^0. We have seen above that p(x) = 



46 



3. CONTINUOUS DIMENSION SCALES 



/\ ieI Pi(x), for all x £ S. Hence, x £ pS if and only if p(x) = x, if and only if 
Pi(x) = x for all i (because Pi(x) < x for all i), if and only if x £ p| ig7 pi5. □ 

Proposition 3-4.3. Let X be a subset of S. Then S = X 1 - © A-^. 

Proof. By using Proposition l3-4 . 2l we define a projection p of S by the formula 

P = V cc ^- 

xex 

Thenp = f\ xeX cc(x) 1 - = f\ xeX \\% = 0||, thus, by Proposition l3-4.2l and Lemma l2-5.3lT L 

P ^s = n \\ X = on s = n ar 1 = X^. 

It follows from this that pS = (p ± S) ± = X^. □ 

3-5. The elements (p a) 

Standing hypothesis: S is a continuous dimension scale. 

We shall now define a certain doubly indexed family of elements of S\oo- These 
elements represent in some sense the "layers" of S\oo, and a process of "measuring" 
S\oc against these elements will allow us to pin down the dimension theory of Sloe. 

Notation 3-5.1. For any p G Proj5, we define inductively a transfinite se- 
quence of elements (p \ k) of S|oo, f° r certain elements k of 2^, as follows. 

(i) (p | 0} = 0. 

(ii) Let k G 2oo, and suppose that (p \ n) is defined, and that it is purely 
infinite. We put 

X = {x e S\oo I (p I k) <rem x and cc(x) = p} . 

If X is nonempty, then, by Axiom (M6), it has a least element. We 
denote this element by (p | k + ). If X = 0, then we say that (p | k + ) is 
undefined. 

(iii) Let A be a limit cardinal. Suppose that (p \ a) has been defined for all 
a < A in 2 00l and that these elements form an increasing, majorized 
sequence of elements of S^oo- Then we put 

(p|A>= \/ <Pl«>- 

Q< A 

Otherwise, we say that (p \ A) is undefined. 
For any p £ Proj S, we define A p as the class of all a £ 2^ such that (p | a) is 
defined. 

Observe that (0 | k) = for all k. In particular, it follows that Ao = 2^. The 
following lemma summarizes some elementary properties of the elements (p | a). 

Lemma 3-5.2. 

(i) A p is a proper initial segment of 2^, for all p £ Proj* S. 

(ii) (p | a) < (p | /3) for all p £ Proj* S and all a < (3 in A p . 

(iii) {p | a) <Crom {p | 0) for all p £ Proj S and all a < j3 in A p . 

(iv) (p | 0) = 0, and cc((p \ a)) = p for all p £ Proj S and all a £ A p \ {0}. 

(v) Letp, q £ Proj S such that p < q. Then A q C A p and {p \ a) = p{{q \ a)), 
for all a £ A q . 
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(vi) Let p G Proj S and let a be an infinite cardinal number such that (p \ a) 
is defined. Then {p \ a + ) is defined if and only if there exists x G S|oo 
such that {p | a) <C r ein x, and then, (p \ a + ) is the least such x. 

Proof, (i) and (ii) are obvious. 

(iii) is an easy consequence of Lemma 12-5.61 

(iv) By induction on a e A p \{0}. The assertion (p | 0} — holds by definition. 
If a = (3 + for some (3 G 2^, then, by the definition of (p | a), cc({p \ a)) = p. 

The limit step is an easy consequence of Lemma 12-5.161 

(v) We prove the statement by induction on a G 2^. It is trivial for a = 0. 
The limit step is an easy consequence of Lemma 12-3.1 6f ii) . 

Now suppose that a — (3 + , for [3 G 2 m . Since (q \ j3 + ) is defined, (q \ (3) is 
defined, thus, by the induction hypothesis, 

(p | 0) is defined, and (p | /3) = p{(q \ (3)). (3-5.1) 

We put e = p((q \ a)). Since (q \ (3) ^ re m (q \ a), it follows from Lemma l%-5.8f i) 
that p((q | f3)) C re m p((q \ a)), that is, (p \ (3) ^ rC m e. Furthermore, by (iv) above 
and by Lemma 12-5. l^ ii) . cc(e) = p A q = p. Hence, 

(p | a) is defined, and (p \ a) < e. (3-5.2) 

So, (p | a) < p((q | a)), thus, since qp ± ((q \ a)) < p ± ((q \ a)), the clement e' = 
(p | a) + qp^dq \ a)) is defined, and e' < (q \ a). Note, further, that e' is purely 
infinite. Furthermore, by Lemma l2-5.8lT ). the following relations hold: 

(P I P) <rora (p | a) , 

qp^{(q I /?)) «rcm qp^iiq I a)). 

Hence, by Lemma ESJii), w e obtain that 

(p\r3)+qp ± ((q\f3))^ 1 . cm e'. (3-5.3) 

From (q \ f3) £ qS, it follows that gp ± ((g | (3)) = p^q{{q \ /?)) = p^((q \ (3)). By 
using (|3-5.1|) . we obtain that l|3-5.3|l can be written as 

(q | (3) «rcm e'. (3-5.4) 

By Lemma r2-5 . 1 6l and by (iv) above, cc(e') = q, hence, (|3-5.4() implies that (q \ a) < 
e' . Hence, by taking the image under p of each side, we obtain that e < (p | a). 
Therefore, by l|3~5~21) . (p | a) = e = p((q \ a)). 

(vi) We define subsets X and Y of S'loo by 

X = {x e S'loo | (p | a) < rcm x and cc(x) = p] , 
Y = {x G S'loo | (p | a) < rom x} . 

So, (p | a + ) is defined if and only if X is nonempty, which implies that Y is 
nonempty. 

Conversely, suppose that Y is nonempty. For all x G Y, (p | a) < x, thus, 
since a > and by (iv), p < cc(x). Thus, by Lemma l2-5.16r ii'). cc(p(x)) = p. 
Furthermore, (p | a) G pS, thus, by Lemma I2-5.8IT ). (p | a) C rcm p{x), that is, 
p(x) G Y. Therefore, pY C X. In particular, X ^ 0, so (p | a + ) is defined. For all 
.x G Y, p(x) G X, thus (p | a + ) < p(x); whence (p | a+) < x. Therefore, (p | a+) is 
also the least element of Y. □ 



48 



3. CONTINUOUS DIMENSION SCALES 



It follows immediately from the definition of the {p, a) i— > (p \ a) operation that 
(p I Vie/ a ' L ) = Vie/ {p \ a i) provided the left hand side is defined. Our next lemma 
shows that a similar "linearity" with respect to the variable p holds, thus showing 
a "bilinearity" property of the operation (p, a) <— * {p | a) . 

Lemma 3-5.3. Let a G 2^, let (pi)ieJ be a family of elements of Proj S. Put 
p = Vie/ P*' ^ e ma ^ e following assumptions: 

(i) (pi | a) is defined for all i <E I . 

(ii) {(j>i | a) | i G /} is majorized. 

Then (p | a) is defined, and (p \ a) = \/ ieI (pi \ a) . 

Proof. We argue by induction on a. The supremum x = \/ ieI (pi \ a) is, by 
assumption (ii), defined. Furthermore, the result of Lemma 13-5.31 is obvious for 
a = 0. Now suppose that a > 0. 

Suppose first that a is a limit cardinal. By Lcmma l3-5.2f ii). (pi \ (3) < x for any 
cardinal number (3 < a. Therefore, by the induction hypothesis, {p \ (3) is defined 
and (p | (3) = \J ieI (pi \ (3) <x. This holds for all (3 < a, thus, by definition, (p \ a) 
is defined and (p | a) < x, thus, since the converse inequality is obvious, (p \ a) = x. 

Now we assume that a = (3 + , for some (3 G 2^. Put y = —■ For any i £ I, 
since {pi \ a) is purely infinite, it follows from Corollary 12-6. 2( i) that (pi \ a) < 
y. Furthermore, it follows from Lemma |3-5.2f v) that Pi((pi \ a)) = (pi \ a), thus 
(Pi I < Pi(y) < p(y)- Hence, by Lemma l3-5.2f ivL for all i G /, pi — cc((pi \ a)) < 
cc(p(y)). Since this holds for alii G / and since cc(p(y)) < p, we obtain the equality 



cc(p(y))=p. (3-5.5) 

For all i G /, since the relations (j>i \ (3) <^i lcm {pi \ a) and (pi \ a) < p{y) hold, we 
deduce from Lemma T2-5. 61 that the following relation holds: 

{pi | P) <remP(2/)- (3-5.6) 

In particular, {pi \ (3) < p(y), thus, by the induction hypothesis, (p \ (3) is defined 
and (p | (3) < p{y). Furthermore, it follows from (|3-5.6|) and from Lemma l2-5.8lT l 
that the relation Pi((pi \ (3)) ^C rcm Pi{y) holds for all i G /. By Lemma [3-5. 2t v). 
Pi((pi | (3))=Pi{(p\ /3) ) = (pi | (3), hence pi((p\ (3)) <C rcm pi(y). This hol ds for all 
i £ I, thus, by Lemma E?-5.8f iiL p((p | (3)) ^C rC m p(y)- Again by Lemma l3-5.2f v). 
P((P I P)) = (P I so that (P I P) «rcm p(y) ■ Therefore, by l|3-5.5|l . (p \ a) is 
defined and (p \ a) < p(y) < y < x. Since the inequality x < (p \ a) is obvious, 
x = (p | a). □ 

3-6. The dimension function /i 

Standing hypothesis: S is a continuous dimension scale. 
For every x G 5, we put 

U (x) = [p G Proj* 5 | Eta G A p such that p ={p\a}\. (3-6.1) 
The following result is the main fact about the dimension theory of 5 1 oo- 
lemma 3-6.1. The set is a coinitial lower subset o/Proj* S, for all x G S . 
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Proof. By replacing x by — , we may assume without loss of generality that 
x is purely infinite. The fact that U*"' is a lower subset of Proj* S is an obvious 
consequence of Lemma f3-5. 21 Now let us prove that U^ x > is coinitial in Proj* S. 

So, let p G Proj* S. We find q G (0,p] such that g G U^ x \ First, if p ^ cc(a;), 
then there exists q G (0,p] such that q(x) = 0, thus, obviously, q G U^ x \ 

So we consider now the case where p < cc(x). Since the sequence of all (p \ a), 
for a G A p , is strictly increasing (see Lemma 13-5. 2( n)) and continuous at limits, 
there exists a largest element a of 2 M such that (p | a) is defined and (p \ a) < x. 
Since <C rcm p( x ) an d cc(p(x)) = P ( use Lemma 12-5.160 . the element (p | K ) is 
defined, and (p | K ) < p(x). Hence, a is an infinite cardinal number. 

Now we put q = \\x < (p | a)||. By Lemma 12-5. 131 

g x ((p | a)) < rem q ± (x). (3-6.2) 

If p < g 1 -, then we obtain that q ((p | a)) = q^p({p | ck) ) = (p | a), whence, by 
(|3-6.2|l . (p | a) C rcm By Lemma 15-5.2^ 1). (p | a + ) is defined and (p | a + ) < x, 
which contradicts the definition of a. 

Hence, p ^ q^ : that is, r = p A q is nonzero. Furthermore, 

r(x) < r((p | a)) (because r < q) 

= (r \ a) (because r < p). 

Since, on the other hand, (p | a) < a;, we obtain that r(x) = (r \ a). Therefore, 
r£{/W. □ 

For the remainder of Section 13-61 we denote by Q the ultrafil- 
ter space of Proj S. By Propositions 13-4.21 and 13-3. 11 is a 

complete Boolean space. The clopen sets of £1 are exactly the 
sets of the form 

flp = {a e fl | p G a}, 
for all p G Proj S. Moreover, we shall fix an ordinal 7 such 
that (p I K Q ) defined implies that a < 7, for all p G Proj* S . 
The existence of such a 7 is ensured by Lemma l3-5.2lT i. 

We now define, for any x G S and any oefi, 

H(x)(a) = y ' {a G 2 7 | 3p G a such that (p | a) is defined and (p | a) < x}. 

(3-6.3) 

The rather involved construction of the elements (p | a) will give us more control 
over the function /i(x) just defined than one has over (analogues of) the infinite 
dimension functions on nonsingular injective modules constructed in |18l Chapter 
XIII] and 17 Chapter 12]. 

Lemma 3-6.2. The function fJ,(x) is a continuous map from Q to 2 7 , for any 
xeS. 

We recall here that 2 7 is endowed with its interval topology. 

Proof. For any k G 2 7 , we define subsets U K and V K of £1 by the formulas 

[7 K = {dGO|/i(a;)(o)>K}, 

V K = {a G O n(x)(a) > k}. 

Claim. V k is open, for any re G 2 7 . 
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Proof of Claim. Let a e V K . By the definition of n(x), there exist a > n in 
2 7 and p G a such that (p | a) is defined and {p \ a) < x. Thus, for any fa G fi p , 
fi(x)(b) > a > k, that is, fa G V K . □ Claim. 

To conclude the proof of Lemma l3-6.2I it suffices to prove that U K is closed, for 
any k G 2 7 . This is trivial for n = 0. If n is a limit cardinal, then the equality 

u K = n u a+ 

a<K in 2 7 

holds, hence it is sufficient to prove that U a + is closed, for any a G 2 7 . Towards 
this goal, we first observe that C/ Q + = V a , thus, by the Claim above, U a + is open. 
Since f2 is extremally disconnected, the closure U a + of C/ Q + is clopen, thus it has 
the form £l p , for some p G Proj S. If p = then U a + = and we are done, so 
suppose that p > 0. For any q G (0,p], f2 g meets thus there exists oeSJ, such 
that /z(x)(a) > a + . Hence there exists r G (0, g] (~l a such that (r | a + ) is defined 
and {r | a + ) < x. Therefore, the set of all r G (0,p] such that (r | a + ) is defined 
and (r | a + ) < x is coinitial in (0,p], which proves, by Lemma l3-5.3I that (p \ a + ) 
is defined and (p \ a + ) < x. This means that il p C U a +. Therefore, U a + = fi p is 
clopen. □ 

For all x G S, we put 

= {J{n p \peu ( - x '>}, (3-6.4) 

where [/^ has been defined in (|3-6.1|l . It follows from Lemma T3-6 . II that f2W is a 
dense, open subset of £1. 

Lemma 3-6.3. Let x £ S. For any a G Q( x \ n(x)(a) is the unique element a 
of 2 7 such that 

3p G a with a G A p and p = (p I a ) ■ 

Proof. Let p G such that a G Cl p . By the definition of U^ x \ there exists 
a G A p such that p = {p I Q 1 ). In particular, fi(x)(a) > a. 

Let g G a and (3 G A 9 such that (g | /3) < x. Then r = p A q belongs to a 
and j3 G A r , so (r | /3) < (g | (3) < x, thus {r\ 0) < — , from which it follows that 
(r | f3) = P ((r | /?)) < P (§) = (p | «}■ Hence (r | /3) = r«r | /?}) < r((p | 0)) = 
(r \ a), so (3 < a. Hence fi(x)(a) < a, so, finally, n(x)(a) — a. □ 

Proposition 3-6.4. 

(i) fi(x + y) = fi(x) + fi(y), for all x, y G S such that x + y is defined. 

(ii) /j,(x) < n(y) if and only if x < y, for all x, y G 5|t»- 

(iii) The set /i [S\oo] is a lower subset of C(f2, 2 7 ). 

In particular, the restriction of \i to S\ oa is a lower embedding from S^oo into 
C(fi,2 7 ). 

PROOF, (i) Put Q' = fl^ n rJ fe) . Let o G fi', and put a = /x(x)(a) and 
/3 = fi(y)(a). By Lemma T3-6. 31 there exists p G a such that 

P(£) = <P|«> and p(^) = (p|/9>. 
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Hence, 



p 



=*(§)+*(*) 



(by Lemma |2~-6.4[I 



= (p | a) + (p | /3) 
= (p | a + j9> 



(by Lemma l3-5.2f iii)). 



Hence, p G and jit(x + y)(a) = fx(x)(a) + /x(y)(o). Therefore, /i(a; + y) and 

+ /i(y) agree on an open dense subset of SI, so, since they are continuous, they 
are equal. 

(ii) By (i), x < y implies that fi(x) < (i(y). Conversely, for any p G U^ x > H 
U^ v \ there exist a, (3 G 2 7 such that (p | a) and (p | (3) are defined and equal 
to p(x) and p(y), respectively. Since p ^ 0, there exists a G SI such that p G a. 
Then, by Lemma f3-fi.3l /i(x)(a) = a and fi(y)(a) = (3, so /i(x) < implies, by 
Lemma l3-5.2f iiL that a < (3. Hence, p{x) < p(y), that is, p < \\x < y\\. This holds 
for all p in the coinitial subset 17 W n of Proj* S (see Lemma f3- 6 . 1 1) . so x < y. 

(iii) Let x G S'| 00 , and let / G C(f2, 2 7 ) such that / < fi(x). We find y < x in 
5|oo such that fi(y) = /. 

We put C/ = {p£ Proj* 5 | /|n p is constant}. 

Claim 1. U is a coinitial lower subset o/Proj* S. 

Proof of Claim. It is obvious that U is a lower subset of Proj* S. 

Let p G Proj* 5, we find q G (0,p] H J7. Let a be the minimum value of / on 
Sip. Then SI' = {o G SI | /(a) < a + } is, by continuity of /, an open subset of SI, 
and SI' n Sip ^ 0. Let q G (0,p] such that Sl 9 C SI' n Sl p . Then f\a q is constant 
with value a. □ Claim 1. 

Now let {pi | i G 1} be a maximal antichain of Z7n [7^. By Claim above, 
{pi | i G 7} is also a maximal antichain of Proj* S. Let «i denote the constant 
value of / on f2 Pi , for all i G 7. If a G Sl Pi , then a* = /(a) < /i(x)(a). Since 
Pi G U^ x \ the equality Pi(x) = {pi \ /i(x)(a)) holds. Hence, (pt \ ccj) is defined and 
(p< I «i) < Pi(x). 

It follows that {(pi | a^} | i G 7} is a majorized (by a;) subset of S|oo, thus it 
has a supremum, say, y. Note that y < x. Furthermore, fj,{y)(a) = oti = /(a), for 
all i G 7 and all a G Sl Pi . Hence, /x(y) and / agree on a dense open subset of SI, so, 
since they are continuous, n{y) = /. □ 

The following trivial property of /i will later prove very useful. 

Proposition 3-6.5. The equality n(p(x)) = (J<(x)\n holds, for all x G S and 
all p G Proj S. 



We start with the following easy but fundamental result. 

Lemma 3-7.1. Let S be a continuous dimension scale, let T be a lower subset 
ofS, viewed as a partial submonoid of S (see Definition 12-1. 4) l . Then the following 
assertions hold: 

(i) T is closed under all projections of S, andp\r G Proj T for allp G Proj S. 
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(ii) Every projection of T extends to a projection of S . 

(iii) If T is dense in S , then every projection of T extends to a unique pro- 
jection of S . 

Proof. We recall that by Lemma 13-1.91 T is a continuous dimension scale. 

Furthermore, p(x) < x for any projection p of S and any 16S. Since T is a 
lower subset of S and p(x) < x for any projection p of S and any x £ S, (i) holds. 

Now we prove (ii). So let p G ProjT. By the definition of a projection, T = 
pT®p ± T. Moreover, it follows from Proposition 13-4.31 that S = (pT) 1 - © (pT) ±J -, 
where orthogonals are computed in S. Therefore, there exists a projection q of S 
such that qS = (pT) ±J - and q ± S = {pT) 1 - . From pT C qS it follows that 

q(x) = x, for all x 6 pT. (3-7.1) 

Since p T and pT are orthogonal in T and T is a lower subset of S, p^T and pT 
are orthogonal in S. Hence p T C (pT)- 1 = q^S, which implies that 

q(x) = 0, for all x 6 p^T. (3-7.2) 

From (|3-7.1j) and Ij3-7.2|) it follows that q\ T — P- 

Now we prove (iii). It suffices to prove that if p, q G Proj S and p(x) < q(x) 
for all x e T, then p < q. Suppose otherwise. Then pg- 1 > 0, thus there exists a 
nonzero element a in pq^S. By the assumption of (iii), we can suppose without loss 
of generality that a G T. So p(a) > while q(a) = with a G T, a contradiction. □ 

The following series of results allows to relate the structure of the lower subset 
of directly finite elements of a continuous dimension scale to the dimension function 
/i introduced in Section 13-61 We first introduce a definition. 

Definition 3-7.2. Let S be a partial commutative monoid. An element a of S 
is multiple-free (or, in some references, abelian), if 2x < a implies that x — 0, for all 
x e S. We denote by S'mf the subset of S consisting of all multiple-free elements. 

It is not hard to verify that in any partial refinement monoid, multiple-free 
elements are cancellable (see Definition 12-4 . 711 . In continuous dimension scales, this 
is also an immediate consequence of Axiom (M5) and Lemma T2-4. 81 Multiple- free 
elements of a lattice-ordered group are called singular in pj] . 

We recall that Z = Z+ U {tt } and R = K+ U {H }, see Section l3~Tl 

Notation 3-7.3. Let fi be a topological space, and let K be either Zo or 
Roj endowed with the interval topology. We denote by Cs. n (Q,K) the set of all 
continuous maps / : £1 — > K such that / _1 {Ho} is nowhere dense. We extend 
Notation 13-3 . 51 to Cfi n , thus defining, for topological spaces f^i and flu, 

Cfi n (ni,Zo;fiii,Mo) = {/ e C(ni,Zo;fi n ,Mo) I f^i^o} is nowhere dense}. 

Proposition 3-7.4. Let S be a stably finite continuous dimension scale (see 
Definition &£7) . We suppose that S m f is dense in S. Let VL be the the ultrafilter 
space of Proj S. Then there exists a map 5: S — > Cg tt (f2, Zq) that satisfies the 
following conditions: 

(i) 6 is a lower embedding (see Definition I2-I.6|l . 

(ii) 5(p(x)) = 5(x)\a p , for all x € S and all p G ProjS*. 
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Outline of proof. Observe that S is cancellative (see Lemma 12-4. 8jl . By 
Lemma 13-2.21 S is the positive cone of a Dedekind complete lattice-ordered group, 
say, G. By Proposition l3-2.Tl G + is a continuous dimension scale, and by Lemma l3-7.1f i. 
iii), the restriction map Proj G + — > Proj S, p i— > p\s is an isomorphism. Hence it 
suffices to prove that the conclusion of Proposition 13-7.41 holds in case S = G + , 
that is, S is a total monoid. 

By Theoreme 13.5.6 of Pp, there exist a complete Boolean space f2' and a lower 
embedding 8 of G + into Cfi n (f2', Zq). This map S is defined as an "evaluation map" 
on the Stone space 17', which implies that the condition (ii) above is satisfied (see 
p. 272 in [5] for the definition of 5). Furthermore, f2' = oG is the ultrafilter space 
of the complete Boolean algebra of polar subsets of G, thus, f2' = Q canonically, so 
we may replace ft' by Q. □ 

In the case where there are no nontrivial multiple-free elements, we get the 
following. 

Proposition 3-7.5. Let S be a stably finite continuous dimension scale with 
no nontrivial multiple- free element. Then there exists a map 5: S — > Cfi n (f2, Ro) 
that satisfies the following conditions: 

(i) 5 is a lower embedding. 

(ii) 6{p(x)) = S(x)jn . for all x G S and all p G Proj S. 

Outline of proof. The proof of Proposition 13-7.51 follows the lines of the 
proof of Proposition 13-7.41 with the following changes. The Dedekind complete 
lattice-ordered group G has no nontrivial multiple-free element, thus, by Theo- 
rem 11.2.13 of 0, it is divisible. The rest of the proof is the same as for Proposi- 
tion ^-?.^ by using Corollaire 13.4.2 of p)| instead of Theoreme 13.5.6 of O 

As experience proves, it is often useful to state explicitly the definition of the 
embedding S of Propositions 13- 7 .41 and 13^7 . 51 The definition that we present here is 
equivalent to the one given by S.J. Bernau's embedding theorem for Archimedean 
lattice-ordered groups, see [4], or [2 Theorem 2.4]. It is convenient to first define 
the concept of a finitary unit in a continuous dimension scale. 

Definition 3-7.6. Let S be a continuous dimension scale. A finitary unit of 
S is a dense antichain E of Sa n such that for any e £ E, either e is multiple-free or 
there is no nonzero multiple-free element below e. 

Lemma 3-7.7. Every continuous dimension scale has a finitary unit. 

Proof. Let U denote the set of all elements x € Sa n \ {0} that are either 
multiple- free or without nonzero multiple- free element below. Let a G Ss n \ {0}. 
If there is no nonzero multiple-free element below a, then a E U. If there exists a 
nonzero multiple-free element e < a, observe that e G U. So U is dense in S'gn, and 
the finitary units of S are exactly the maximal antichains of U. □ 

Now let G be a Dedekind complete lattice-ordered group. Every polar subset 
of G is an orthogonal direct summand of G, thus p pG + + (—pG + ) defines an 
isomorphism from Proj G + onto the Boolean algebra of polar subsets of G. We 
denote again by Vl the ultrafilter space of Proj G + . Let E be a finitary unit of the 
continuous dimension scale G + (see Definition 13- 7. 6JI . We put 

6(x)(a) = \/ {m/n \ (to, n) G Z + x N and \\me < nx\\ G a for all e G E} , (3-7.3) 
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for all x G G + and a G SI. Then 8(x) is a continuous map from SI to Ro, for all 
x G SI, and 5 is the desired embedding. 

Unlike the map p given in i|3-6.3|l . the map 8 is not intrinsic, for it depends 
on the choice of a unitary unit of G + . Furthermore, it is not apparent through 
(|3-7.3fl that under the assumptions of Proposition l3-7.4l the map 8 takes its values 
in C nn (Sl, Zq) (rather than just in C nn (Sl, Mo))- However, it is possible to prove that 
under those assumptions, since E is a Unitary unit of G + , the following equality 
holds, 

8{x){a) = \J {n G Z+ | \\ne < x\\ G a for all e G E} , (3-7.4) 

for all x G G + and all a G SI. Hence the map 5(x) is integer- valued. Similarly, the 
proof that the range of 8 is, in the context of Proposition l3-7.4l a lower embedding, 
uses the assumption that E is a fmitary unit of G + . 

Definition 3-7.8. For a general continuous dimension scale S, we define ideals 
Si, Su, and Sin of S as follows: 

ft = ftnf i 
Su = S mf n S fin ; 
Sin = Sfl n . 

We say that S is 7j/pe I (resp., Type II, Type III), if Sn = S m = {0} (resp., 
Si = Sm = {0}, Si = S„ = {0}). 

It follows from Proposition l3-4.3l that the equality 

S = Si © Su © Sm 

holds (see Notation 12-2.3(1 . Observe, in particular, that Sfi n C S^ = Si © Sn. 
We denote by p\ (resp., pn, pni) the projection of S on Si (resp., Su, Sm). So 
Pi ffi Pii © Pin = 1 in Proj S, hence SI = S7i U fin U Om, where we put 

Qi = fl Pl , f2n = n pn , fiin = fipiijp 

Observe that fij, Sin, and Sim are clopen subsets of S7. 

By using Propositions 13-7.41 and 13*^7.51 we obtain lower embeddings 

Si : Si n Sj in Cfin(f2i, Zo) and Su: Sn H Sfi n c — > Cf; n (S7n,Ro) 

such that (5i(p(x)) = <5i(a;)Jn p , for all i G {I, II}, all x G Si, and all p G Proj Si- Now 
we identify Proj(Si © Sn) with Proj(Sfi n ), via Lemma T3-7.ll Hence, by combining 
Si and Su, we obtain the following result. 

Proposition 3-7.9. Let S be a continuous dimension scale. Then there exists 
a map S : Sfl n — > C(f2i, Zo; Sin, Ko; ^m, {0}) (see DeRnition \?t-7 '.8(1 i/iai satisfies the 
following conditions: 

(i) 8 is a lower embedding. 

(ii) TTie values of S{x) are finite on an open dense subset of O, /or every 

X G Sfin- 

(iii) <5(p(x)) = 5(a;)Jf2 , /or aZZ x G Sfi n and p G Proj S. 

The map 8 depends on the choice of a unitary unit E of Sfi n , and it is then 
given by the formula l|3-7.3|l . for all x G S nn and all a G Sli U Sin. 
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3-8. Embedding arbitrary continuous dimension scales 

Standing hypotheses: S is a continuous dimension scale, Si, 
Sjj, Sin, &i> fin? &iii, Pi, Pii; Phi are a $ i n Section \'&-7\ 

Let 7 be the ordinal and fj,: S — * C(f2,2 7 ) the dimension 
function defined in Section 13-61 

We put S — C(f2i, Z 7 ; flu, IR 7 ; Qui, 2 7 ). We pick a lower 
embedding 5 : Sn n ^ S as in Proposition 13-7.91 

Lemma 3-8.1. Let (fli)ieJ be a majorized family of pairwise orthogonal directly 
finite elements of S. Then a = ©jg/Oj is directly finite. 

PROOF. Put pi = cc(<Zj), for all i € I. Observe that a, = Pi{a), for all i. Let 
x G S such that a + x = a. It follows that for any i G J, a, + pi(a;) = dj, thus, since 
cii is directly finite, Pi(x) = 0, that is, x G p^S. Put p = \J ieI Pi- By Lemma P2-5.16l 
p = cc(a), thus, by using Lemma f2-5.3l and Proposition 13-4. 21 

xe f)PiS = P^S = a ± . 

iei 

But x < a, therefore, x = 0. □ 

Lemma 3-8.2. Let x G S\oo and a G 51. If cc(x) G a, then fj,(x)(a) > Ho. 

Proof. For all p G (0, cc(x)], there exist, by Lemma r3-6.ll an infinite cardinal 
number a and q G (0,p] such that q(x) = a-q. So, for any a G ft q , /i(x)(a) = a > No- 
Therefore, the set of all a G fl cc (x) such that fi(x)(a) > K is dense in fi cc ( x ). Since 
H(x) is continuous, the conclusion of Lemma T3-8 . 21 follows. □ 

Lemma 3-8.3. Let a G «Sg n and b G S\qo. If cc(a) < cc(6), f/ien a < b and 
5(a) < fi(b). 

PROOF. Put p = \\b< a\\ and q — \\a < b\\. Then p(b) < p(a), with p(a) 
directly finite and p(6) purely infinite, thus p(6) = 0, that is, p A cc(6) = 0. By 
assumption, p A cc(a) = 0, that is, p(a) = 0, thus p < q. By general comparability, 
p V q = 1, so, in fact, 9=1. Therefore, a < b. 

Now put r = cc(6). For any a G f2 r , it follows from Lemma r3-8.2l that 6 (a) (a) < 
< fJ>(b)(a). For any o G Q r x, 

6(a)(a) = 6(a)\n r± (a) = S(r x (a))(a) - 0, 

because r ± (a) = 0. Therefore, (5(a) (a) < fi(b) (a), for any a G fi. □ 

Lemma 3-8.4. Let f E S be directly finite, let b G S^oo suc/i t/ia£ / < n(b). 
Then there exists a directly finite a < b in S such that f = 5(a). 

Proof. We put p = cc(b) A (p\ (Bpn), and we define a subset U of Proj* S by 

U = {q G (0,p\ | 3x G S Rn , cc(x) = q and f\ Uq < 5(x)}. 

Claim 1. U is coinitial in (0,p\. 

Proof of Claim. By Lemma 13-8.31 every directly finite element of pS lies 
below b, thus, since b is purely infinite and by Lemma l2-1.9l pSn n is a total monoid. 

Let q G (0,p], we prove that U D (0,q] is nonempty. Since < q < pi © pu 
and (pi ®pn)S = S^i qS has a directly finite, nonzero element y. Observe that 
5(y) is a nonzero element of Cfi n (fi, Ro), thus, since 5(y) is continuous, there exists 
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q' G (0, q] such that S(y)(a) > for all o G Q q '. Without loss of generality, we may 
assume that cc(y) = q' . 

Suppose that nS(y) < f for all n G Z + . Then /(a) > Ko, for any a G H, q ', 
so / + ^ojn / = /? which contradicts the assumption that / is directly finite. 
Hence, there exists a largest nonnegative integer n such that nd(y) < /. Since 
5(y) vanishes outside £l g i, there exists r 6 (0,(7'] such that /Jo r < (n + l)<5(y). 
Therefore, r belongs to [/ (with witness x = (n + l)r(y)). □ Claim 1. 

By ClaimQ] there exists a maximal antichain W of [0,p] such that W C.U . For 
each g G W, pick a directly finite i,eS such that cc(x 9 ) = (7 and /J si, < #(xg). 
Observe that x q < b for all q, thus x = ® q ew x q is defined and x < b. Furthermore, 
by Lemma T3-8.ll x is directly finite. By Lemma E2-3.16f ii). q(x) = x q for all q G W . 
For any q £W and any a G f2 9 , 

/(a) = /J„ t (o) < «5(x 9 )(a) = 5(g(x))(a) = 5(x)Jo 3 (a) = 5(x)(a). 

Since U 9 giv ^9 ^ s dense in f2 p and both / and <J(x) are continuous and vanish 
outside ilp, it follows that / < S(x). Since 5 is a lower embedding, there exists 
a < x in Sfin such that / = 5(a). □ 

We now wish to define a homomorphism of partial monoids e : 5 — > 5 by the 

rule 

e(x + y) = S(x) + fi(y), for all x G S& n and all y G 5|oo- (3-8.1) 

Since fi(y) is purely infinite, + is the maximum of S(x) and It follows 

that the existence of e is ensured by the following Lemmas 13-8.51 and 13-8.61 

Lemma 3-8.5. Let a, b G 5fi n and c G S|oo. If a < b + c, then 6(a) < S(b)+/j,(c). 

Proof. By the refinement property, a = b' + c' for some b' < b and d < 
c. In particular, b' and c' are directly finite, and, of course, cc(c') < cc(c). By 
Lemma ETO 8(c') < fi(c). It follows that 6(a) = 5(b') + 8(c') < 8(b) + /i(c). □ 

Lemma 3-8.6. Let a, c G S\oo and b G Sfi n . Ifa<b + c,then[i(a)<8(b) + [i(c). 

b c 

Proof. Since b is directly finite and c is purely infinite, — = and — = c. 
By Lemma ETOI a=^<^ + ^ = c. Therefore, /Lt(a) < /i(c) < 8(b) + fj,(c). □ 

This shows the existence of a unique homomorphism of partial monoids e: S — » 
5 satisfying the condition l|3-8.1|l . Observe that the following additional condition 
is satisfied by e (because it is satisfied by /i and by 8, see Propositions 13-6.51 and 

MM - 

s(p(x)) = s(x)\n p , for all x G S and all p G Proj S. (3-8.2) 

The purpose of the following Lemmas 13-8.71 and 13-8.81 is to prove that e is a lower 
embedding. 

Lemma 3-8.7. The map e is an order- embedding. 

Proof. Let a, b G S such that e(a) < e(b), we prove that a < b. By Corol- 
lary nS^fiii,iv), there exists a directly finite b' G S such that b = b' + — . 
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Suppose now that a is directly finite. We put p — cc f^V Then cc(p(a)) < 
p — cc {^z^j ■> with p(a) directly finite and ^ purely infinite, thus, by Lemma 13-8.31 



we obtain that 



p(a) < -I- (3-8.3) 



Furthermore, p 1 - (—) = 0, hence, by using l|3-8.2[l and the definition of e, 



5(p x (a)) = s(p x (a)) < s(p x (b')) + e (p x (£)) = S(p x (b% 

thus, since S is an embedding, we obtain that 

P ± (a) <P ± {b') <b'. (3-8.4) 

It follows from (|3-8.3|l and l|3-8.4|l that a < b. 

In the general case, there exists, by Corollarv l2-6 . 2f iii.iv) . a directly finite a' G S 
such that a = a' + —. It follows from the previous paragraph that the inequality 

a' < b. (3-8.5) 

b 



holds. Furthermore, dividing by oo the inequality 5(a') + [i C^j — ^(^') + A* 
and using Proposition 13-6.41 yields . since both S(a') and 5(b') are finite-valued on a 
dense subset of fl and both fx and fJ- C^z) are P ure ly infinite, that 

- < -. (3-8.6) 

OO — OO V / 

By iQgOU and (l3~£l)l) . a = a' + < b + ^ = b. □ 

Lemma 3-8.8. The range of e is a lower subset of S. 

PROOF. Let b £ S and let f £ S such that / < e(b). We find a < b in S such 
that / = e(a). By Corollary 12-6. 2f iii.iv). there exists a directly finite b' £ S such 

that b = b' + —. 

oo 

We start with the case where / is directly finite. Since / < S(b') + /i y—^J and 
since S satisfies the refinement property, there are g, h £ S such that f = g + h, 
g < S(b'), and h < /i • Since <5 is a lower embedding, there exists x < b' in Sfi n 
such that g = S(x). Since / is directly finite and h < /, h is directly finite, thus, by 
Lemma T3-8.4I there exists a directly finite y < — such that h — 6(y). Since x <b', 

y < — , and &' + ^ = 6, x + y is defined, x + y < b, and S(x + y)=g + h = f. 

Now the general case. Since S is a continuous dimension scale, there exists a 
directly finite f £ S such that f = f + -f-. By the previous paragraph, /' = <5 (a 1 ) 
for some directly finite a' < b. Furthermore, by dividing by oo the inequality 

/' + £ < S(b') + [i (J^j , we obtain that ^ < n (J^j , thus, by Proposition l3-6.4l 
there exists a < — in .Sloo such that — = u(a). Since a' < 6, a < — , and b+— = b, 

— oo 1^ oo / — 1 — oo 1 oo ' 

_ _ _ f 

a' + a is defined, a' + a < b, and e(a' + a) — S(a') + /i(a) =/'+*- = /. □ 

We finally arrive at the following more precise version of Theorem C. 
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Theorem 3-8.9. Let S be a continuous dimension scale, let Proj S be the com- 
plete Boolean algebra of projections of S, and let fi be the ultrafilter space of Pro] S , 
with the decomposition fi = fii U fin U fini as given in Section 13-71 

Then there exist an ordinal 7 and a lower embedding 

£ '. S c — > C(fij, Z 7 ; ^iii ^ 7 > ^iie 2 7 ) 

such that e(p(x)) — e(x)\n p , for all x € S and all p £ Proj 5*. 

Conversely, for every ordinal 7, every complete Boolean space fi, decomposed 
as fi = fii U fin LI ^111 with fii, fin, and f2m clopen, every lower subset of the space 

C(f2i, Z 7 ; fin, M 7 ; fini, 2 7 ), 

endowed with its canonical structure of partial commutative monoid, is a continuous 
dimension scale. 

Remark 3-8.10. Of course, as observed earlier, the following isomorphism 

C(fii,Z 7 ;fi„,R 7 ;fiiii,2 7 ) = C(fii,Z 7 ) x C(fi n ,M 7 ) x C(fi m , 2 7 ) (3-8.7) 

holds, so we could have formulated part of Theorem 13-8 . 91 by using the right hand 
side of (|3-8.7I) instead of its left hand side. However, the formulation of the relation 
e(p(x)) — e(x)\n p would have then been more cumbersome. 

PROOF. The first statement (existence of e) follows from the construction of e 
discussed in all previous results of Section l3~^8l 

Conversely, by Theorem 13-3.61 every monoid of the form 

C(fii, Z 7 ; fin, K 7 ; fini, 2 7 ) 

is a continuous dimension scale, and, by Lemma l3-1.9l every lower subset of a con- 
tinuous dimension scale, viewed as a partial submonoid, is a continuous dimension 
scale. Theorem 13-8.91 follows . □ 

Any continuous dimension scale is a partial monoid, which sometimes makes 
computations cumbersome. However, the following corollary makes it possible to 
reduce most problems about continuous dimension scales to total monoids. 

Corollary 3-8.11. Let S be a continuous dimension scale. Then the universal 
monoid S of S is a continuous dimension scale, andp 1— » p\s defines an isomorphism 
from Proj S onto Proj S . 

Proof. By universality, the map e extends to a unique monoid homomorphism 
e from S to S. Since S is a lower subset of S and e is one-to-one, it follows from 
56, Lemma 3.9] that e is one-to-one. Since e[S] is a lower subset of the refinement 
monoid S, the monoid i[S], which is equal to the submonoid of S generated by 
e[S], is also a lower subset of S. In particular, S is isomorphic to a lower subset 
of S. The conclusion follows from Theorem 13-3.61 and Lemma T3-7. II □ 

For the reader's convenience, we restate explicitly the construction of the map 
e: S S of Theorem EHHfl with S = C(Q h Z 7 ; fi n , M 7 ; fi m , 2 7 ), for some large 
enough ordinal 7. We first pick a unitary unit E of S (see Definition 13-7.6(1 . Then 
we embed S into the universal monoid S of S, see Proposition 12- 1 . L3l We observe 
that S is a lower subset of S fProposition 12-1 . Lljl . and that p 1— > p\s defines an 
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isomorphism from Proj S onto Proj 5* ("Lemma 13-7.1(1 . The definition of the map 
5 : Sfi n — > S has the parameter E, and it is given by the formula ((3-7.3(1 . that is, 

S(x)(a) = \J {m/n | (m, n) G Z + x N and ||me < nx|| G a for all e E E} , 

for all x G S nn and all a G fl\ U flu. 

The definition of is intrinsic (it does not depend on the finitary unit E) , but it 
requires the ordinal 7 to be chosen large enough. It is given by the formula 1(3-6.3(1 , 
that is, 

fj,(x)(a) = y ' {a G 2 7 I Bp G a such that (p \ a) is defined and (p \ a) < x}. 

for all x G 5 and all a G fl. 

Finally, e(x + y) = S(x) + fJ.(y), for all (x,y) G S'fin x S|oo- We will call this 
map e the canonical embedding from S into S , relatively to the finitary unit E. 

3-9. Uniqueness of the canonical embedding 

Standing hypotheses: S is a continuous dimension scale, Sj, 
Sid Sjjj, flj, flu, flui, Pi, Pu, P111 are as i n Section T3-71 

Let 7 be an ordinal, large enough for the dimension func- 
tion [i: S — > C(f2, 2 7 ) introduced in Section 13-61 to be defined. 

We put S — C(f2i, Z 7 ; flu, K 7 ; flui, 2 7 ). We fix a finitary 
unit E of S, and we let S : S nn <—* S and e : S > S 6e </ie 
canonical maps defined from E in Sections 13-71 and 13-81 

Throughout the present section until Theorem 13-8.91 we let e' : S S be a 
lower embedding satisfying the conditions 

e'(p(a;)) = e'(a:)Jn p) for all (s.p) G S x Proj S, (3-9.1) 

e'(e)=e(e), for all e G £ n S n . (3-9.2) 

We shall prove that e' = e. 

We first embed S into its universal monoid S. By Corollarv l3-8.11l S is a con- 
tinuous dimension scale. Furthermore, the argument of the proof of Corollarv l3-8.Tn 
shows that the unique extension of e' to a map from S to S is a lower embedding. 
Since p 1— > p\s defines an isomorphism from Proj S onto Proj S (Lemma 13-7.1(1 . e' 
satisfies the condition ((3-9.1(1 . Of course, it obviously satisfies ((3-9.2(1 . Therefore, 
we may assume, without loss of generality, that S is a total monoid, that is, S = S. 

Next, it follows from Theorem 13-3.61 that S is a continuous dimension scale. 
Furthermore, by Claim [S] of the proof of Theorem 13-3.61 the projections of S are 
exactly the maps / 1— > f\a , for p G Proj S, in particular, Proj S = Proj S. Thus we 
shall identify every projection p of S with the associated projection of S. Modulo 
this identification, the central cover cc(/) of any / G S is exactly the topological 
closure of the set [0 < /] = {a G fl | /(a) > 0}. 

Lemma 3-9.1. The equality cc(e'(x)) — cc(x) holds, for all x G S. 

PROOF. Put p = cc(x). From x — p(x) and 1(3-9.1(1 it follows that e'(x) = 
£'{x)\n p , whence cc(e' (x)) < p. Put q = pA^ cc(e'(x)). Then e'(q(x)) =e'(a;)Jn 9 — 
0, thus, since e' is an embedding, q(x) = 0. However, q < p — cc(x), whence q = 0, 
that is, p = cc(e'(x)). □ 
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3-9.1. Uniqueness on the directly finite elements. We compute the val- 
ues of e on the elements of E. Let x{p) denote the characteristic function of fl p , 
for any p G Proj S. 

Lemma 3-9.2. The equality e(e) = x(cc(e)) holds, for all e E E. 

Proof. Since e is directly finite, e(e) = 5(e), and it is given by l|3-7.3|) . Put 
p — cc(e). Fromp(e) = e and 13-9. Q it follows that e'(e) vanishes outside J7 p . Now 
let a S Hp. For e' G E and (m,n) E Z + x N, the relation \\me' < ne\\ E a always 
holds for e' ^ e (because then, p(e') = 0, thus \\me' = 0|| G a), while for e' = e, 
it is equivalent to the existence of q G o such that mq(e) < nq(e). However, for 
any g G a, <7 A cc(e) is nonzero, thus q(e) is nonzero, but it is directly finite, thus 
mq(e) < nq(e) if and only if to < n. The conclusion follows immediately. □ 

Lemma 3-9.3. The equality e'(e) — e(e) holds, for all e G E. 

Proof. The conclusion holds by assumption for e G EnSjj. Now let e G EDSj, 
so e is multiple-free and fl cc ( e ) C fi T . Moreover, it follows from Lemma f3-9 . II that 
cc(e'(e)) = cc(e), therefore, since e'(e) G S and f2 cc ( e ) C Oj, we obtain the inequality 



Let p G [0,cc(e)] such that 2\(p) < e'(e). Since e' is a lower embedding, there 
exists x < e such that e'(x) = x{p)i thus (we recall that S is a total monoid) 
e'(2x) = 2x(p) < e'(e), thus, since e' is an embedding, 2x < e, thus, since e is 
multiple-free, x = 0, whence p = 0. This holds for all p G [0,cc(e)] such that 
2x(p) < e'(e), thus, since e'(e) vanishes outside ^ cc ( e ), we get e'(e) < x(cc(e)). 
Therefore, by l|3-9.3|l and Lemma ITO e'(e) = x(cc(e)) = e(e). □ 

Lemma 3-9.4. The equality e'(x) — S(x) holds, for all x G S^n- 

Proof. If the result has been established for Sa n , then it obviously holds for S. 
Hence we may assume that S = «Sfi n , that is, since S is total, S is the positive 
cone of some Dedekind complete lattice-ordered group (Lemma 13-2. 2[1 . Now put 
fi' = lJ egE f2 cc ( e ), an open subset of f2. Since every element of S meets some 
element of E, it follows from Proposition l3-4.3l that fl' is dense in ft. 

Now let igS. Since 5(x) belongs to Cfi n (Oi,Zo;fin,]Ro) (see Notation I3-7.3|) . 
there exists an open dense subset 57" of f2' such that 5(x)(a) is finite, for all a G fi". 
Since both maps s'(x) and 5(x) are continuous and £1" is dense, in order to conclude 
the proof, it suffices to establish the equality e'(x)(a) — S(x)(a), for all a G O". 
Since o G 17', there exists a unique e G E such that e G a, hence 



Let (m, n) G Z + x N such that p = \\me < nx\\ belongs to a. Applying e' to the 
inequality mp(e) < np(x) and using (|3-9.1|) . we obtain the inequalities 



thus, by Lemmas 13-9.21 and 13-9.31 mx(p A cc(e)) < ne'(x). Evaluate at a. Since 
p A cc(e) belongs to a, we obtain that m/n < e'(x)(a). This holds for all (m,n) 
such that \\me < nx\\ G a, whence 



e'(e) > x(cc(e)). 



(3-9.3) 




me'(e)\n p = ms'(p(e)) < ne'(p(x)) < ne'(x), 



6(x)(a) < e'(x)(a). 



(3-9.4) 
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Now the converse. From a € fi" it follows that there exists h G N such that 
|| he < x\\ £ a. Let n G N. There exists a largest to G Z + such that ||me < nx\\ G o, 
in fact to < hn. Suppose that (m+ l)/n < <5(a;)(a). There exists (to/, n') G Z + x N 
such that (to + l)/n < m'/n' and Hm'e < n'x|| G a. On the other hand, from 
(to + l)n'e < m'ne it follows that 

|(to + l)e < ?T.a; || = ||(m + l)n'e < nn'x|| > \\m'ne < n'nx\\ — \\m'e < n'x\\ G a, 

whence ||(m + l)e < mz;|| G a, a contradiction; so we have proved that S(x)(a) < 
(to + l)/n. 

From || (to + l)e < nx\\ a and general comparability it follows that the pro- 
jection q — \\nx < (to + l)e|| belongs to a. Thus, applying e' to the inequality 
nq(x) < (to + l)q(e) and using 1)3-9. l|l together with Lemmas 13-9.21 and 13-9.31 we 
obtain the inequalities 

ne'(x)\ Uq = ne'(q(x)) < (to + l)e'(g(e)) < (m + l)e'(e) = (to + l)x(cc(e)), 

whence, evaluating at a, ne'(x){a) < to + 1, so 

e'(x)(o) < (to + l)/n < 6(x)(a) + l/n. 

This holds for all n G N, thus e'{x)(a) < 6(x){a). By (|H-9.4jl . the conclusion 
follows. □ 

3-9.2. Uniqueness on the purely infinite elements. We need to prove 
that e'(x) — /i(x), for all x G S^oo- We recall that we have identified the projections 
of S and those of S. For a G 2^ and p G Proj S, we shall denote by (p \ a) s (resp., 
(p | a)g) the value of (p | a) in S (resp., in S), if defined. By a ■ x(p), we denote the 
function defined on CI sending any element of Cl p to a and any element of CI \ Cl p 
to 0. 

Lemma 3-9.5. The value (p \ a)g is defined and equal to a-x(p), for all a G 2 7 
and p G Proj S. 

Proof. By induction on a. The case a = and the limit step are obvious. 
Suppose that a — /3 + , for some (5 G 2 7 . It is easy to verify that /3-x(p) ^Crcm ce-x{p) 
and cc(a • x(p)) — P\ thus, by the induction hypothesis, (p | a)g is defined and lies 
above a ■ x{p)- Now suppose that (p \ a)^ < a ■ x(p)- There exists q G (0,p] such 
that 

«((p|«>s)</3-x(9). (3-9.5) 
In particular, from cc((p \ a)g) = p it follows that [3 > 0. However, by applying q 
to the relation {p \ 0)g ^C rcm (p\ a)g and using Lemma F2-5.8IT ). we obtain that 
P-X{q) «rcm q({p I a>s)- Hence, by l|3-9.5|l and LemmaEEHI /3-x(g) < rC m &-x{l), 
whence, since (3 > 0, we obtain that g = 0, a contradiction. □ 

Since e' is a lower embedding, the following lemma is obvious. 

Lemma 3-9.6. a <Crem b if and only if e'(a) <Crem s'{b), for all a, b G S. 

Lemma 3-9.7. The equality e'({p \ a) s ) — a ■ x(p) holds, for all p G Proj 5* and 
all a G 2^ such that (p \ a) s is defined. 

Proof. By induction on a. For a = it is trivial. Suppose that a > 
and (p | a) s is defined. It follows from the induction hypothesis that [3 ■ x(p) < 
e'((p | a) s ), for all (3 < a in 2^; whence a ■ x(p) < £ '{(p I a )s)- Since e' is a lower 
embedding, there exists x < (p \ a) s in S\oc such that e'{x) = a ■ x(p)- The relation 
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£ '({p I P)s) ^™ £ '( x ) holds, for all (3 < a, thus, by Lemma l3-9.6I (p \ [3) s <C r em x. 
Furthermore, by Lemma f3-9. II 

cc(x) = cc(e'(x)) = cc(a • x{p)) = P, 

hence, by the definition of (p \ a), we get that {p \ a) s < x, so, finally, x = (p \ a) s 
and s'((p | a) s )=a- X (p)- □ 

Lemma 3-9.8. The equality e'(x) = p,(x) holds, for all x G S\oo. 

Proof. We let fl^ denote the open dense subset of Q defined in i|3-6.4|) . It 
suffices to prove that the equality e'(x)(a) = ^(x)(a) holds, for all a G Q( x \ 

Since x is purely infinite and a G Q^ x \ the value a — p(x)(a) is the unique 
element of 2 X such that (p \ a) s is defined and equal to p(x), for some p G a. 
Therefore, we can compute: 

e'(x)(a)=e'(p(x))(a) (by (33310 

= e'({p\a) s )(a) 

— (a ■ x(p))(a) (by Lemma l5-9.7[) 

= a 

= »(x)(a). □ 

3-9.3. Uniqueness of e. By putting together Lemmas 13-9.41 and 13-9.81 we 

obtain the following. 

Corollary 3-9.9. The equality e'{x) — e{x) holds, for all ieS. 

In order to formulate concisely the corresponding uniqueness result, it is con- 
venient to extend the usual definition of a continuous dimension scale, as follows. 
We endow each of the proper classes Z^, M.^, and 2 M introduced in Notation l3-3.3l 
with its interval topology. The latter consists, for example, of all open subseis of 
the corresponding class, the essential fact being that for a topological space f2 (we 
emphasize that 51 is a set), the spaces of continuous functions C(f2, Z^), C(f2, Moo), 
and C(f2, 2,^,) are well- understood (anyway, any map from a set to Rqo is majorized 
by some Then we naturally extend Notation 13-3 . 51 to the case where the Ki-s 
may also be Z^, Rqo, or 2^. 

By putting this together with Lemma 13-9.21 and Theorem 13-8.91 we have ob- 
tained the following structure theorem for continuous dimension scales. 

Theorem 3-9.10. Let S be a continuous dimension scale, let ProjS* be the 
complete Boolean algebra of projections of S, and let be the ultrafilter space of 
Proj S , with the decomposition Q — il\ U fin LI flm as given in Section 13-71 Let E 
be a finitary unit of S (see Definition I3-7.6|) . 

Then there exists a unique lower embedding 

£■ S C(r2i, Zqo; fin, Roc; Oin, 2oo) 

such that e(p(x)) — e(x)Jq , for all x G S and all p G Proj S, and e(e) takes its 
values in {0, 1}, for all e G E n Sij. Furthermore, this embedding satisfies that e(e) 
takes its values in {0, 1}, for all ee£. 
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3-10. Continuous dimension scales which are proper classes 

All the forthcoming section can easily be formulated in such a standard class 
theory as the Bernays-Godel system with choice, BGC. An alternative formulation 
consists of working in classical set theory ZFC and identifying any statement (with 
parameters) with one free variable, say, tp(x), with the "class" that it represents, 
namely {x \ tp(x)}; this way, the mention to classes becomes a mere expendable 
commodity. 

We shall encounter in Chapter [S] situations where it may appear as artificial to 
restrict continuous dimension scales to be sets, as opposed to proper classes. For 
example, with every right self-injective regular ring R, we associate the category 
NSI-i? of all nonsingular injective right i?-modules. With the class NSI-i? is as- 
sociated a class that meets all attributes of a continuous dimension scale, except 
that it is not a set (see Section E>3|) . We shall call such objects Continuous Dimen- 
sion Scales (with capitals), and we shall define them shortly. We first do this for 
monoids. 

Definition 3-10.1. A Monoid is a class M, endowed with an associative binary 
operation + and a zero element 0. A Partial Commutative Monoid is a class S, 
endowed with a commutative, associative (in the sense of Definition 12- 1 . 2f> partial 
binary operation +, with a zero element 0. 

Hence the definition of a Monoid (resp., Partial Commutative Monoid) extends 
the one of a monoid (resp., partial commutative monoid), by allowing proper classes. 

The problem in defining Continuous Dimension Scales is not that easy to solve. 
Indeed, we wish our "Continuous Dimension Scales" to satisfy a version of the main 
embedding theorem, Theorem 13-8.91 More precisely, we wish every "Continuous 
Dimension Scale" to embed as a lower subclass into a (proper class) monoid of the 
form 

C(ni,Z 00 ;n n> R 00 ;n II i > 2 00 ), (3-10.1) 
(see Notation l3-3.3ll . for pairwise disjoint complete Boolean spaces ilj, f2n, and fljij. 
We shall now state the new axioms defining Continuous Dimension Scales. Of 
course, our definition is modeled on Definition 13-1 . II and Corollary 13-1. 31 

Definition 3-10.2. A Continuous Dimension Scale is a Partial Commutative 
Monoid S which satisfies the following axioms. 

(Ml) S has refinement, and the algebraic preordering on S is antisymmetric. 

(M2) Every nonempty subset of S admits an infimum. 

(Nl) Va, b, 3c, x, y such that a = c + x, b = c + y, and x _L y. 

(N2) S = a 1 - + a , for all a € S (where x G a 1 - means, of course, that 

x A a = 0, while x G a means that x G u for any u G a ). 
(N3) b \ a exists, for all a, b G S such that a < b. 

(M5) Every element a of S can be written a — x + y, where x is directly finite 

and y is purely infinite. 
(M6) Let a, b be purely infinite elements of S. If a <C ra m b, then the set of all 

purely infinite elements x of S such that a <C rC m x and x = b 1 - has a 

least element. 

(Mht) The class (a] = {x G S | x < a} is a set, for all a £ S. 
(Mih) There exists a dense lower subset U of S. (We will call U a generating 
lower subset of S.) 



64 



3. CONTINUOUS DIMENSION SCALES 



Axiom (Mht) is there to ensure that the "infinity" in (|3-10.1|) does not exceed 
the class of all ordinals. Axiom (Mih) is there to ensure that the "base spaces" fii, 
fin, fiin in i|3-10.1|) are sets (as opposed to proper classes). We emphasize that we 
require no condition on subclasses of S, lest this might pave the way to undesirable 
set-theoretical paradoxes. In fact, since the axioms defining Continuous Dimension 
Scales are requirements on either elements or subsets of S, we obtain the following 
result. 

Proposition 3-10.3. Let S be a Partial Commutative Monoid. Then S is a 
Continuous Dimension Scale if and only if every lower subset of S is a continuous 
dimension scale and S satisfies both (Mht) and (Mih). 

PROOF. If S is a Continuous Dimension Scale, then every lower subset of S 
is a continuous dimension scale: the proof is mutatis mutandis the same as for 
Lemma 13-1.91 

Conversely, suppose that every lower subset of S is a continuous dimension 
scale and S satisfies both (Mht) and (Mih). Every subset X of S is contained in a 
generating lower subset X of S: namely, take 

x = \j{(x]\xex}. 

The rest of the proof is similar to the proof of Lemma fc-l.lUI □ 

Observe, in particular, that every generating lower subset of a continuous di- 
mension scale is a continuous dimension scale. We also obtain the following exten- 
sion of Theorem 13-3.61 

COROLLARY 3-10.4. Let fi be a complete Boolean space, written as a disjoint 
union fi = fii U fin U fim, for clopen subsets fii, fin, fim of fi. Then the Monoid 

C(fii, Zoo ; fin, Moo; fim, 2^) 

is a Continuous Dimension Scale. 

Everything is now ready for the proof of our general embedding theorem for 
Continuous Dimension Scales. 

Theorem 3-10.5. Let S be a Continuous Dimension Scale, let E be a finitary 
unit of S. Let U be a generating lower subset of S containing E, let fi be the 
ultrafilter space of Proj U , with the decomposition fi = fii U fin U fini as given in 
Section 13-71 Then there exists a unique lower embedding 

e: S C(fii,Z 00 ;fin,R 00 ;fim,2 00 ) 

such that e(p(x)) — e(x)\n p , for all x e S and all p £ Proj S, and e(e) takes its 
values in {0, 1}, for all e <E E [or, which is equivalent, for all e 6 E n Uu). 

Proof. Let C be the class of all lower subsets T of S containing U. In par- 
ticular, for all T G 6, U is a generating lower subset of T, thus, by Lemma f3-7. II 
P l— * p\u defines an isomorphism from ProjT onto Proj U. Let p p T denote its 
inverse. Therefore, the ultrafilter space fi T of Proj T is homeomorphic to fi, via 
the map 

a i ^ a\u = {p\u | p G a}, for all a e fi T . 
Let the projections of U act on T, by defining p(x) = p T (x), for any x G T and 
p 6 Proj U. Hence, by carrying the structure of fi T to fi via this isomorphism 
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and then applying Theorem 13-9. 101 to the continuous dimension scale T with the 
Unitary unit E, we obtain that there exists a unique lower embedding 

where C(f2i, Z^; fi n , Rcx>; ^ni, 2 M ), such that e T (p(x)) = e T (x)\n p , for all x G T 
and all p G Proj U, and £r(e) takes its values in {0, 1}, for any e G E. 

Furthermore, for elements Tt, T2 of C such that T\ C T2, the restriction of 
£t 2 to Ti satisfies the requirements of st x ■ Hence, by the uniqueness statement of 
Theorem 13-9.101 Et 2 extends et x - 

Let e denote the union of all the maps St, for T G 6. It follows from Axiom 
(Mjh) that the union of all the elements of C is S, thus e is a map from S to S. It 
obviously satisfies the required conditions. This concludes the "existence" part. 

If e' : 5 S is another lower embedding satisfying the conditions of the con- 
clusion of Theorem 13-10.51 then, by the uniqueness statement of Theorem 13-9.101 
applied to T, the restriction of e' to T equals Et, for all T G C; whence e' = e. This 
concludes the "uniqueness" part. □ 



CHAPTER 4 



Espaliers 

4-1. The axioms 

We shall now give the fundamental lattice-theoretical definition underlying the 
whole paper, the definition of an espalier. This definition will consist of a list of 
simple axioms, numbered from (LI) to (L8). Interspersed between these axioms, 
we shall also list some very elementary properties of espaliers. The role of each 
of these comments will also be to prepare for the formulation of the axioms that 
follow them. 

Definition 4-1.1. An espalier is a structure (L, <,_L, ~), where (L, <) is a 
partially ordered set, ± is a binary relation on L, and ~ is an equivalence relation 
on L, subject to the following axioms: 

(LI) Every nonempty subset of L has an infimum. Equivalently, every ma- 
jorized subset of L has a supremum. 

In particular, L has a smallest element, that we shall denote 
by 0. For a, b G L, the meet a Ab is always defined, while the 
join b is defined if and only if the pair {a, b} is majorized. 

(L2) For all a, b, c e L, the following statements hold: 

(i) alO. 

(ii) if a _L b, then b _L a. 

(iii) if a < b and 61c, then ale. 

(iv) if {a, 6, c} is majorized, a _L b, and (a V b) _L c, then a _L (b V c). 

(v) if a _L a, then a = 0. 

We can i/ien define in L a partial binary operation ©, by putting 
c = a ©6 i/ and on/j/ if c = aV b and a _L 6. So, (i)-(iv) aoowe 
means exactly that (L, ©,0) is a partial commutative monoid. 
We say that a family (a^)^/ of elements of L is orthogonal, i/ 
it is majorized and (Bi^jOi is defined for every finite subset J 
of I. We then define ©ie/ttj = \l ieI a%- 

(L3) For all a, 6 G i, if a < o, then there exists i£i such that a © x = 6. 
Since a i = a V i, £/ie converse of Axiom (L3) is, o/ course, 
trivial. 

(L4) Let a G L, let (bi)i e j be an orthogonal family of elements of L. If 

a _L (©i e j&j), for all finite J C I, then a _L (©,£/&,). 
(L5) x ~ implies that a; = 0, for all x e L. 

(L6) The relation ~ is unrestrictedly refining, that is, for every a G L and 
every orthogonal family (bi)i^i of elements of L, if a ~ ©jgi&i, then 
there exists a decomposition a = (Biei^i such that cij ~ 6^ for all i E I. 
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(L7) The relation ~ is unrestrictedly additive, that is, for all orthogonal fam- 
ilies (ai)i£i and of elements of L, if a, ~ 6i for all i E I, then 

(L8) (the parallelogram rule) For all a, b, x, y £ L such that a V 6 is defined, 
((a A 6) x = a and 6 © y = a V b) => x ~ y. 
An espalier is bounded, if it has a largest element. 

The following result makes it possible to create new espaliers from old ones. 
We leave the straightforward proof to the reader. 

Proposition 4-1.2. 

(i) For any espalier (L, <, _L, any lower subset K of L, endowed with the 
restrictions of <, _L, and ~ ; is an espalier. 

(ii) Lei <,-, _Lj, ~i)ie/ 6e a family of espaliers. Then the product L = 
Y\ ie jLi, endowed with the componentwise <, _!_, ~ ; an espalier. 

In the context of ProDOsition l4*-1.2lT ). we shall say that if is a lower subespalier 
of L. In the context of Proposition l4-1.2T iiK we shall say that L is the direct product 
of the family (Lj)ie/ of espaliers. If K and L are espaliers, we shall say that a map 
ip: K — > L is a lower embedding of espaliers, if it is an isomorphism from if onto a 
lower subespalier of L. The verification of the following lemma is straightforward. 

Lemma 4-1.3. Let K and L be espaliers, let ip; K — > L be a map. Then ip is a 
lower embedding if and only if the following conditions hold: 

(i) the range of ip is a lower subset of L. 

(ii) x <k y if and only if <p{x) <l <p(y), for all x, y G K . 

(iii) x J-k y if and only if ip(x) J-l f(y)> for all x, y G K. 

(iv) x ~# y if and only if <p(x) ~l f{y)> for all x, y G K. 

For the remainder of Section 14-11 we shall fix an espalier 
(L,<,-L,~). 

We start up with elementary properties of orthogonal families. 

Lemma 4-1.4. For all a, b G L such that a _L b, the following holds: 

(i) flA6 = 0. 

(ii) x = (x © b) A a, for all x < a. (Here, this means that (a, b) is a modular 
pair, see 19 for the general definition of those.) 

Proof. As in (391 Lemma 1.1]. □ 

Corollary 4-1.5. Let a, b, c G L. 

(i) If (a, b, c) is orthogonal, then (a © c) A (b © c) = c. 

(ii) If a < b < c, then there exists x G L such that b A X — a and b V x = c. 
(That is, every closed interval of L is a relatively complemented lattice.) 



PROOF, (i) Apply Lemma E- 1.41 to the pair (b © c, a) and to c < b © c. 
(ii) By Axiom (L3), there are u, v such that o © u = b and b © v = c. So 
c = a © u © v. By (i), x — a © v satisfies the required conditions. □ 

By using Axiom (L4), it is easy to prove the following result (see also Theo- 
rem 1.2 of p2|])- 
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Lemma 4-1.6. Let I and J be sets, let -k : I -» J be a surjective map, let (ai)igj 
be a family of elements of L, and let a G S. Then the following are equivalent: 

(i) a = ©ie/a,-. 

(ii) For all j £ J, the family {fli)i^-^sj\ is orthogonal, and, if we denote its 
join by bj, then a = S)je.jbj. 

Another useful elementary orthogonality property of espaliers is the following. 

Lemma 4-1.7. Let a £ L, let X be a majorized subset of L. If a -L\JY for all 
finite Y C X , then a L\J X . 

Proof. For finite X, this is trivial. Now suppose that X is infinite. Write 
^" = {^IC< K }i where n is the cardinality of X, and put b = \J X. We argue 
by induction on k. Put b^ = \f n< ^ \i f° r au £ < «• Observe that bo = 0. For all 
£ < k, there exists, by Axiom (L3), € L such that b^ ©Cf = fo^+i. It follows easily 
that 6£ = <3)rj<£Cr) for all £ < n, while b = ®^< K c^. Furthermore, it follows from the 
induction hypothesis that a _L b^ for all £ < n, whence a _!_ ® n £jc v for every finite 
subset J of k. By Axiom (L4), it follows that a _L ©^< K c ?? , that is, a _L b. □ 

Notation 4-1.8. For a, b £ L, let a < b hold, if a ~ x for some a; < b. 

Lemma 4-1.9. Let a, b, c e £. 

(i) //aVc = tVc and a A c = 6 A c, i/ien a ~ 6. (That is, if a and b are 
perspective, then a ~ b.) 

(ii) // a © c = 6 © c, then a ~ 6. 

(iii) If aV c < bye and a A c < b A c, i/ien a < 6. 

PROOF, (i) We put u = aAc = 6Ac, i> = aVc = 6Vc. Let x, y, z e L such 

that 

w © x = a; u(By — b; cffiz = v. 
By the parallelogram rule, x ~ z and y ~ z. Thus x ~ y, so 

a = u©x^w©y = &. 

(ii) This is, by Lemma^^i), a particular case of (i). 

(iii) By using Axiom (L3), there are u, v, x, y, z £ L such that 

a = (a A c) © u, a V c = c © w, 
b A c — (a A c) © x, 6 = (6 A c) © y, 6Vc = (aVc)®z. 

It follows that & Vc = cffivffiz, thus, by Axiom (L8), y ~ u©z, thus, by Axiom (L6), 
there are ?/ ~ u and z' ~ z such that y — v' © z' . Moreover, it also follows from 
Axiom (L8) that u ~ w, thus u ~ From v' < y, a A c < b A c, and y _!_ (& A c) it 
follows (by Axiom (L2)) that (aAc) _L u', thus, since aAc, w' < 6, (aAc)ffiu' is defined 
and below b. Therefore, by using Axiom (L7), a=(aAc)©M~(flAc)®!)'<i». □ 

We observe that Lemma T4- 1 . 9f iii^l is stronger than Axiom (iii) in Definition 2.2 
of [12] . 

From now on, we denote by A (a), or A^(a) if there is any 
ambiguity on L, the ^-equivalence class of a, for every a G L. 
Furthermore, we denote by S the range of A, and we call it the 
dimension range of L, in notation, S — DrngL. 
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We endow S with the partial binary operation + defined by 

7 = a + f3, if there are a, 6, c G L such that 

a = A(o), /3 = A(6), 7 = A(c), and c = a ffi 6, 

for all a, j3, 7 € £. The fact that + is indeed well-defined follows from the finite 
case of Axiom (L7), namely, if a © 6 and a' ffi b' are defined and a ~ a' and b ~ b', 
then a ffi 6 - a' © 6'. 

We denote A(0) by 0. 

Proposition 4-1.10. (S, +,0) is a partial commutative monoid. 

Proof. Only the verification of the associativity of + is not completely trivial. 
Given a, b, c G L such that (A(a) + A(b)) + A(c) is defined, there exist x, y E L 
such that A (a) + A(6) = A(x) and A(x) + A(c) = A(y). Then a; = a' ffi 6' for 
some a' ~ a and 6' ~ 6 in L, while y = x' ffi c' for some x' ~ x and c' ~ c in i. 
By the finite case of Axiom (L6), x' = a" ffi b" for some a" ~ a' and 6" ~ 6' in L. 
Axiom (L2) then implies that y = a"ffi(6"ffic'), and therefore, A (a) + (A(fe) + A(c)) 
is defined, and equal to 

A(o) + A(6" ffi c") = A(y) = (A(o) + A(6)) + A(c). 

Since + is obviously commutative, this implies that + is associative as well. □ 

The dimension range S will always be endowed with its alge- 
braic ^reordering <, see Definition 12-1.31 Hence A(a) < A(b) 
if and only if a < b, for all a, b G L. 

Lemma 4-1.11. The following assertions hold: 

(i) Let a, (3 G S and let c G L such that A(c) — a + (3. Then there are a, 
b G L such that c = a ffi b while A(a) = a and A(b) = [3. 

(ii) Let a G L and let £ 6 S. If £ < A(a), then there exists x < a in L such 
that A(x) = £. 

Proof, (i) By the definition of a + there are orthogonal it, w G L such that 
A(c) = A(u ffi u) while A(u) = a and A(w) = j3. So c ~ m ffi v, thus, by the finite 
case of Axiom (L6), there are a, b G L such that a ~ u, b ~ u, and c = a ffi 6. 
Observe that A (a) = A(u) = a and A(6) = A(u) = 0. 

(ii) By the definition of the algebraic preordering of S, there exists r\ G S such 
that A(a) = £ + 77. The conclusion follows from (i). □ 

Proposition 14-1.101 and Lemma 14-1.111 are particular cases of more general re- 
sults in Chapter 4 of 56 . 

Proposition 4-1.12. The algebraic preordering on S is antisymmetric. That 
* s ; */ a ^5 ^ an d b ^: a J then a ~ &, /or al/ a, b £ L. 

Proof. Similar to the proof of Theorem 41 of 30], see also Lemma 6.1.3 of 
|42j . We give the details here for convenience. 

Put &o — a and 60 — 6. By induction on n < uj, we construct a n +i, 6 n -|-i, x n , 
y n G i such that the following relations hold: 

a n = 6 n+ i©x„, 6„ = a„ + iffiy„, (4-1.1) 

«n ~ fln+1, b n ~ &„+!. (4-1-2) 
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Since ao < bo and bo < ao, this is easy to satisfy for 11 = 0. Now the induction step. 
Since b n +i ~ b n = a n +i © JM, there are a n +i and y n +i m such that 

b n +l = a n+2 © 2/n+li ~ &n+l; 2/n+l ~ 

Similarly, wc obtain elements b n +2, ^n+i in L such that 

ln+1 = b n+ 2 © ^n+lj &n+2 ~ &n+lj ^n+1 ~ Xn- 

This completes the induction step for (|4-1.1|) and (|4-1.2|) . Observe that all the x n 
(resp., all the y n ) are mutually ~-equivalent. But then, the family consisting of all 
the X2n+i and ?/2n+2, for n < w, is orthogonal and majorized by a±. Thus there 
exists c € L such that 

ai = c © (ffi„< w x 2n+ i) © (©„< w j/2n+2)- (4-1-3) 

Since = a\ © t/o> we obtain the equality 

b = c © (©„<^ 2 „+i) © (®«<^2n)- (4-1.4) 

Since ym ~ 2/2n+2 for all n, it follows from (|4-1.3I) . (|4-1.4|l . and Axiom (L7) that 
ai ~ 6. But a ~ ai; whence a ~ 0. □ 

Of course, it follows that S 1 is conical. However, a direct proof of the conicality 
of S is immediate from Axiom (L5). 

Proposition 4-1.13. The partial commutative monoid (S 1 , +,0) satisfies the 
refinement property (see Definition 12-1. 

PROOF. Let a, a', (3, f3' G S such that a + a' — j3 + (3' . By the definition of 
the addition of S and the finite version of Axiom (L6), there are a, a' , b, b' S L 
such that A (a) = a, A(a') = a', A(b) = (3, A{b') = f3', and a © a' = b © b' . We put 
e = a © a' = b © 6'. We observe that a V 6 is defined. There are elements u, u', v, 
v' , w in L such that 

(aAi)ffiii=a; 6 © u' = a V 6; 

(a A b) © u = b; a © 1/ = a V 6; 

(a V 6) © w = e. 

By Axiom (L8), u ~ it' and u ~ u'. Furthermore, 

6 © 6' = e = (a V 6) © to = b © u' © to, 

thus, by Lemma f4-1.9f iiL 6' ~ it' © 10. Hence b' = u © W2, for some t£ ~ it' (thus 
u ~ tt) and some wi ~ 10. Similarly, a' = TJffi toi, for some tJ ~ t> and some w\ ~ to. 
Hence we have obtained the following refinement matrix: 








& 


a 


A(a A 6) 


A(tt) = A(tt) 


a' 


A(tJ) = A(v) 


A(to x ) = A(to 2 ) 



This completes the proof. □ 
From Propositions 14- 1 . T31 and [4-1.121 we deduce immediately the following. 
Corollary 4-1.14. The partial commutative monoid S satisfies Axiom (Ml). 
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In particular, by Proposition 12-3. Ill the set Proj S of all projections of S, en- 
dowed with the ordering < given by p < q if and only if pS C qS (see Lemma l2-rt.8Jl . 
is a Boolean algebra. We shall also refer to the projections of S as the projections 
of L. They operate also on L in a projection-like manner (up to equivalence) — see 
Lemmas 14-1.251 and 14-1.271 below. 

For the remainder of Section f4-ll we shall analyze in some detail the pairs (a, b) 
of elements of L such that A(et) _L A(b). Observe that the conditions a _L b (in L) 
and A(a) _L A(b) (in S) are a priori unrelated. For a, b £ L, A(a) _L A(b) if and 
only if the only element x € L such that x < a,b is x = 0. 

Corollary 4-1.15. Let a, b, c £ L such that A (a) _L A(c) and A(b) 1 A(c). 
If {a, b} is majorized, then A(a V b) _L A(c). 

PROOF. Let such that offif»' = aV/». In particular, A(a V 6) = A (a) + 

A(b'). It follows from Lemma f4-1.9f iiil that 6' < 6, thus, by assumption, A(b') _L 



A(c). Therefore, by Proposition EJBI and Lemma l2~2~2"lT i. A (a) + A(b') 1 A(c), 



Notation 4-1.16. For a, b, c £ L, we define c = a ffl & to mean that c = a V 6 
and A(a) _L A(6). 

Note, in particular, that c = a ffl b implies that a A b — 0. Much more is true, 
see Proposition 14- 1 . lHI 

Lemma 4-1.17. Let a, a', b, c £ L. If c = a ffl b = a' © b and if a' < a, then 
a' = a, so a J- b. 

PROOF. Let b' e L such that c — a®b' . Since c = a V 6 with a A 6 = 0, it 
follows from Lemma T4-1. 9f i) that b ~ 6'. Let v, v' € L such that 

b=(bAb')®v and b' = (b A b') © u'. 

Let u € L such that a' © u = a. Then c = a' © 6 = a' © (6 A 6') © v, so that 
c = a © 6' = a' © (6 A 6') © u © ?/. Therefore, by Lemma l4^0T ii1. u © i/ ~ v, thus 
u < v. So u < a and u < v < b, hence, by assumption, u = 0. It follows that 
a = a'. In particular, a _L b. □ 

We obtain the following important tool, Proposition 14- 1 . l51 It is an analogue 
of Axiom (D) in |35| and of Axiom (2,e) in |39| . It also holds in the "cardinal 
lattices" considered in 112 . as Lemma 2.7 of |12| shows. However, the proof of 
Lemma 2.7 of |12j cannot be applied here, because there is no "orthocomplcmcnt" 
in our axiom system for espaliers. 

PROPOSITION 4-1.18. Let a, b e L. If A(a) _L A(b) and {a,b} is majorized, 
then a _!_ b; so a ffl 6 = a © b. 

Proof. By Axiom (LI), c = a V b exists. Let a' £ L such that c = a' © b. 
By Lemma I4-1.9IT ). a ~ a'. Since a, a' < c, there exists eti = a V a' in L, but 



A(a) = A(a') _L A(6), so, by Coroll ary 14-1 .1 5l A(a x ) L A(6). So, c = aiffl6 = a'©6, 
with a' < ax- Hence, by Lemma 14-1.171 a\ _L 6. Since a < a\, it follows from 



We now extend Proposition 14- 1 . to arbitrary families of elements of L. 

Definition 4-1.19. A family (aj)jgi is strongly orthogonal, if it is majorized 
and A(fli) _L A(aj), for all i ^ j in /. 



that is, A(o V b) _L A(c). 



□ 



Axiom (L2)(iii) that a -Lb. 



a 
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Corollary 4-1.20. Every strongly orthogonal family of elements of L is or- 
thogonal. 

Proof. It suffices to prove the result for / finite. We argue by induction on the 
cardinality of /. Pick i G I. By the induction hypothesis, (aj)j^i is orthogonal, and, 
bv Corollarv l4-1.15l A(<ij) _L A(®,y£Oj). Hence, bv Proposition ll^l . 1 81 aj _L (Bj^iOj 
in L, that is, (aj)j £ i is orthogonal. □ 

Corollary 4-1.21. Let a, b, x, y,ceL. If c = aSb = x@y with A(x) _L A(b) 
and A(y) J_ A(a), then x = a and y = b. 

Proof. Since aVi is defined (and a Vi < c) and A (a), A(x) _L A(b), it follows 
from Corollary EL- 1.1 51 that A (a Vi)l A(b). So, c = (a V x) ffl b. Since c = a © b 
(by Proposition ^- 1 . lBf) and a < aVx, it follows from Lemma T4- 1 . 1 71 that a = aVx, 
that is, x < a. Similarly, y < b. Let x' , y' G L such that a = x © x' and b — y@y' . 
Then 

c = a©6 = a;ffi2/©a;'ffi?/' = cffia;'©y', 
whence x' = y' = 0. Therefore, X = a and y — b. □ 

Corollary 4-1.22. Let a <E L, let X be a majorized subset of L. If A(o) _L 
A(x) /or aZZ i G X, ffcera A(a) 1 A(V X). 

PROOF. Put b = \J X. It follows from Corollary |4- 1 . 1 51 that 

A(a) J. A > for all finite F C X (4-1.5) 

Let t G (0, 6]. Then t JL b, thus, by Lemma EH"?! t / V Y for some finite Y C X. 
But is majorized (by b), thus, by Proposition 14-1.181 A(i) / A(V^). 

Therefore, by (|4-1.5|l . A(t) ^ A(a), that is, t % a. So we have proved that A(a) _L 
A(b). □ 

Corollary 4-1.23. Let a G L and Zei p G Proj 5. TTien i/iere exists a largest 
element u of [0, a] smc/i t/ia£ A(u) G pS . Furthermore, A(u) = p(A(a)). 

Proof. By Lemma l2~2~4l pS = (pS) ±J -. Hence, by Corollary I4-1.22| the 
supremum u of the set X of all elements x of [0, a] such that A(x) G pS* belongs 
to X. 

From u < a it follows that A (it) < A(a), thus, since A(u) G pS 1 , A(u) = 
p(A(u)) < p(A(a)). Conversely, p(A(a)) < A(a), thus, by Lemma f4- 1 . 1 If ii) . there 
exists v < a such that p(A(a)) = A(v). But A(v) G pS, so v < u, and thus 
p(A(a)) = A(v) < A(u). Finally, by Proposition 14- 1.1 21 p(A(a)) = A(u). □ 

We shall denote by p • a the element u of Corollary 14-1.231 and we shall re- 
peatedly use the properties p ■ a < a and A(p • a) = p(A(et)), for all a G L and all 
p G Proj S. 

We shall also put p-L = {p-x\x€L}. Note that p ■ L is a lower subset of L: 
indeed, if a G L and 6 < p • a, then A (6) G pS 1 , so p ■ b = b. 

We gather up various elementary properties of the map (p, a) i—>p-a in the 
following Lemmas 14- 1 . 241 and 14- 1 . 251 

Lemma 4-1.24. Let p G ProjS'. XTien i/ie following assertions hold: 

(i) p-i = A" 1 [p5]. 

(ii) p ■ L is a lower subset of [L, <). 
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(iii) p ■ L is a lower subset of (£, <). 

(iv) p ■ L is closed under majorized suprema. 

Proof, (i) is an immediate consequence of Corollary 14-1.231 The assertions 
(ii), (iii) follow immediately. 

(iv) follows immediately from (i), Corollary 14-1.221 and the fact that pS = 
(p ± S) ± . □ 

Lemma 4-1.25. Let a, b G L, let p, q G Proj5. Then the following assertions 
hold: 

(i) a < b implies that p ■ a < p ■ b. 

(ii) a < b implies that p ■ a < p ■ b. 

(iii) a ~ b implies that p ■ a ~ p ■ b. 

(iv) p < q implies that p ■ a < q ■ a. 

Proof, (i) p ■ a < a < b and A(p • a) G pS, thus p ■ a < p ■ b by the definition 
of p ■ b. 

(ii) It follows from a < 6 that A(a) < A(b), thus A(p-a) = p(A(a)) < p(A(b)) = 
A(p ■ 6), that is, p ■ a < p ■ b. 

(iii) follows immediately from (ii) and from Proposition 14- 1 . T2l 

(iv) Since p < q, A(p ■ a) G pS C qS, and so, since p ■ a < a, it follows that 
p ■ a < q ■ a. □ 

Proposition 4-1.26. Let (pi)i^i be an orthogonal family of elements o/ProjS* 
and let a G L. Then the family (p-i ■ a)i^i is orthogonal in L. 

Proof. For i ^ j in /, A(pi-a) G PiS and A(pj- ■a) G PjS*, thus, since piPj = 0, 
A(p, ; • a) _L A(pj • a). The result follows then from Corollary [4-1. 201 □ 

Lemma 4-1.27. Let a G L and let p G Proj S. Then the following assertions 
hold: 

(i) a = p ■ a EE p- 1 • a (thus, by Proposition 14-1.181 a = p ■ a © p • a) . 

(ii) Let x G p ■ L and y G p ■ L such that a — x V y. Then x — p ■ a and 
y =p ± -a. 

Proof, (i) Since the join a' = p ■ a V p x • a is defined (and a' < a) and since 
A(p-a) _L A(p^ - a), it follows from Proposition ^- 1 . 1%1 that a' =p-a©p^ - a. Since 

A(a) =p(A(a)) +p ± (A(a)) = A(p- a) + A(p x • a) = A[p-a@p A - ■ a) 

and by Axiom (L6), there are u ~ p • a and w ~ p • a such that a = it u. Since 
A(u) = A(p ■ a) G pS* and u < a, we have u < p ■ a. Likewise, i> < p 1 - ■ a, thus 
a = u © u < a', whence a = a' = p ■ a EB p 1 - ■ a. 

(ii) By assumption, a = x EB y. By Proposition 14- 1 . lHI a = x © y. By Corol- 
lary ^^^^ and by (i), x — p ■ a and y = p ■ a. □ 

Proposition 4-1.28. S has general comparability. 

Proof. We prove the two following claims. 

Claim 1. S = + a^^, for all a G S. 

Proof of Claim. Let a, x e S. Pick a, x G L such that A(a) = a and 
A (a;) = x. By Corollary 14-1.221 there exists a largest element u < x such that 
A(w) _L a. Let v G L such that u © v = x. So x — A(u) + A(v), with A(u) G a . 
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For any t < v such that A(t) € a- 1 , the inequality t < u holds by the definition 
of u, but t < v, so t — since m _L v. Hence A(i>) G a- 1 - 1 . □ Claim 1. 

Claim 2. For all a, b £ L, there are u, v, x, y £ L such that a = u © x and 
b = v © y while u ~ v and A(x) _L A(y). 

Proof of Claim. An easy application of Zorn's Lemma yields a subset X = 
{(ai,bi) | i £ 1} of (0, a] x (0,6] which is maximal with respect to the following 
properties: 

(i) Both families (eti)iej and j are orthogonal. 

(ii) ai ~ bi for all i G /. 

Put u = Vie/ a * an< ^ u = Vie/ ^ Axiom (L7), u ~ t>. Pick a; and y such 
that a = u © a; and b = v ® y. If A (a;) / A(y), then there are nonzero x' < x and 
y' < y such that a/ ~ y'. But then, X U {(a;',?/')} still satisfies (i) and (ii) above, 
which contradicts the maximality of X. Hence A(x) _L A(y). □ Claim 2. 

By Lemma T2-4.2I general comparability follows from Claims ^ and [3 □ 

We recall that general comparability is also Axiom (M3). Note that general 
comparability in S can be stated as the following property of L, which we also refer 
to as general comparability: for any a, b £ L, there exists p G Proj S such that 
P ' a ^5 P ' b an d P • 6 ^ P • OO- 
LEMMA 4-1.29. Let a G L, let (ai) ie j be a family of elements of L, let p G 
Proj S. 

(i) If I ^ and a = /\ ieI a t , then p ■ a — f\ ieI {p • a,). 

(ii) If a = \J ieI ai, then p ■ a = \J ieI (p ■ <h). 

Proof, (i) It is clear that p ■ a < p ■ ai for all i. Let b G L such that b < p ■ <Zj 
for all i £ I. In particular, b < ai for all i, thus b < a. In addition, since / ^ 0, it 
follows from Lemma f4- 1 . 24f in) that b £ p ■ L, so b = p ■ b < p ■ a. 

(ii) The equality a, = (p • a^) V (p 1 - • a^) holds for all i G /, so 

ie/ ie/ 

By Lemma 14- 1 . 24f ivL \J ieI {p ■ a;) £ p - L and \f ieI {p 1 ' ■ di) £ p x ■ L, Therefore, by 
Lemma IT- 1.2 71 p • a = \f ieI {p ■ ai) and p- 1 • a = \f ieI (p x ■ ai). □ 

Proposition 4-1.30. The Boolean algebra Proj S is complete. 

Proof. It suffices to prove that every orthogonal family (pi)i^i of elements of 
Proj S admits a supremum. By Proposition l4-1.2*BI the family (p, • a)i e j is orthogo- 
nal, for all a G L. Furthermore, if b G L such that a ~ 6, then, by Lemma l4-1 .25f iii) . 
Pi ■ a ~ pi ■ b for all i € J, thus, by Axiom (L7), 

®iei(j>i ■ a) ~ ®iei{Pi • b). 

Hence, we can define a map p: S — > S by the rule 

p(A(a)) = A(© ieJ (p i • a)), for all a G L. 

It is obvious that p(0) = 0. Let a, b G S such that a + b is defined. So a + 6 = 
A(a © 6), for some a £ a and b £ b such that all). So p(a) = A(a') and 
p(6) = A (6'), where a' and 6' are defined by 

a' = ffiie/(pi • a) and 6' = © ie /(pi • 6). 
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In particular, a' < a and b' < b, so a' _L b', and, by using Lemma r4-1.29r ii^l . 

a'@b' = ® ie i(pi ■a®p i -b) = (B l£ i(p l • (a 06)), 

whence 

p(a)+i>(b) = A(a'©6') = A(e <e j(Pi • (a 6))) = p(a + 6). 

So p is an endomorphism of (S, +, 0). 

Now let a E S. Pick a G a, and pick u G L such that a = ©ig/(pi • a) it. 
For all u < u, if A(t>) G PiS 1 , then v < pi ■ a, so v < u A (p.; - a) =0. Hence 
A(u) G {piS)^. We infer that A(u) G (pS) . Indeed, let x e S. Pick m such that 
A(x) — x. So p(x) = A(© ig /(pi • x)) by the definition of p. But A(p t ■ x) _L A(u) 
for all i G /, thus, by Corollary B-1.221 p(x) _L A(u). Hence A(u) G (p5) x , with 
a = p(a) + A(w). It follows that p is a projection of S. 

It is clear that pi < p for all i £ I . Let g G Proj S such that Pi < q for all 
i E I. Let a <E L. Then Pi ■ a < q ■ a, for all « G /, thus ©iu/(pi • a) < <? • a. Taking 
the image under A of both sides yields that p(A(a)) < q(A(a)). This holds for all 
a G L, whence p < q. So we have verified that p = \J ieI Pi- D 

As a consequence, we obtain that S satisfies Axiom (M4) (observe that p-a < b 
if and only if p{A(a)) < p(A(6))). 

Proposition 4-1.31. For all a, b G L, there exists a largest p G Proj S such 
that p ■ a < 6. 

Proof. Put X = {q G ProjS' | q ■ a < 6}, and put p = \J X. Let (pi)i e i be 
a maximal orthogonal family of elements of X. For alH G /, let 6; < 6 such that 
Pi - a ~ 6i. In particular, A(6i) = A(p^ • a) G p^S", so 6; < pi ■ b. By Corollarv l4- 1.201 
the family [bi)i^j is orthogonal, and by Proposition 14- 1 .'2^1 the family (p; • a)ia is 
orthogonal. Hence, 

A(p ■ a) — p(A(a)) (by the definition of p ■ a) 

= A((Biei(pi ■ a)) (by the proof of Proposition 14- 1 . HTljl 

= A(0 ieJ 6i) (by Axiom (L7)) 

< A(6). □ 

Notation 4-1.32. For a, b G L, we put \\a < b\\ = \\A(a) < A(b)\\. That is, in 
accordance to Definition 12-5.11 \\a < 6|| is the largest projection p of S such that 
p ■ a < b. 

In a similar spirit as for Notation 12-5.21 we put \\a ~ 6|| = ||a < 6|| A ||6 < a||, 
which by Proposition 14- 1 . 121 is the largest p G Proj S such that p ■ a ~ p • 6. 

4-2. Purely infinite elements; trim sequences 

Standing hypotheses: L is an espalier, S is the dimension range 

of L, and A: L -» S is the canonical map. 
Following Definition 12-5.101 we say that an element a of L is purely infinite, 
if A(a) is purely infinite in S. This occurs if and only if a = a' © a" for some a', 
a" ~ a in L. 

Purely infinite elements are also, in some references, called idempotent, or, as 
in |49| . idem-multiple. 
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Similarly, following Definition 12-4.71 we say that an element a of L is directly 
finite, if A(a) is directly finite in S. Observe that a is directly finite if and only if 
a ~ b < a implies that b = a, for any b G L. 

Definition 4-2.1. A family (a^g/ of elements of L is homogeneous, if it is 
orthogonal and ai ~ Oj, for all i, j G /. 

A homogeneous family (a^g/ is trivial, if = 0, for all i; equivalently, = 
for some i E I. 

Lemma 4-2.2. Let a G L. Then the following are equivalent: 

(i) a is purely infinite. 

(ii) There exists a homogeneous sequence (x n ) n<u such that a — ffi„< w x„. 

Proof. (i)=>(ii) There are a' and a" such that a = a' © a" and a ~ a' ~ a". 
By using Axiom (L6), it is then easy to construct inductively sequences (a n ) n<UJ 
and (a' n ) n<ul such that ag = a, a n — a n+ i © a' n , and a„ ~ a n+ i ~ a^, for all 
n. So (a^) n<(J is a homogeneous sequence whose join, a', belongs to [0, a]. Since 
a ~ a o < a ' < a> w e obtain that a ~ a' by Proposition ^- 1.121 Hence, the conclusion 
follows from Axiom (L6). 

(ii)=>(i) Put a' = (B n %2n and a" = ® n X2n+i- By Axiom (L7), a ~ a' ~ a". 
Since a = a' (3 a" , a is purely infinite. □ 

Lemma 4-2.3. Let a G i. T/ie following are equivalent: 

(i) a is directly finite. 

(ii) There is no nontrivial purely infinite element below a. 

(iii) The interval [0, a] /las no infinite nontrivial homogeneous sequence. 

Proof, (i)^(ii) Let b G [0, a] be a purely infinite element, and let x G L such 
that a = b © x. Then A(a) = A(b) + A(x) = 2A(b) + A(x) = A(b) + A(a). Since 
a is directly finite, A(b) = 0, whence b = 0. 

(ii) <^>(iii) follows immediately from Lemma T4-2. 21 

(iii) =>(i) Let x G L such that A (a) + A(x) = A (a). So a — a' © a;', for some 
a' ~ a and x' ~ x. It is then easy to construct, by induction (and Axiom (L6)), 
sequences (a n ) n<UJ and (x n ) n<UJ of elements of L such that ao = 0, a n ~ a, x n ~ x, 
and a„ = a„+i ffix„ for all n. In particular, the sequence {x n ) n<u is homogeneous, 
thus, by assumption, x n = for all n. Therefore, x = 0. So a is directly finite. □ 

We deduce from this that 5* satisfies Axiom (M5). 

Proposition 4-2.4. For all a e L, there are b, c G L such that b is purely 
infinite, c is directly finite, and a = b © c. 

Proof. Let (xi)i 6 / be a maximal orthogonal family of nonzero purely infinite 
elements of [0, a]. We put b = © ie /Xi. For all i G I, there exists a decomposition 
Xi = x- © x'l where x- ~ x" - x 4 . Put b' = ffi ie7 x^ and b" = ® ie ix'l . By 
Axiom (L7), b' ~ b" - b. Since b = b' © b" , b is purely infinite. 

Let c G L such that a = b © c. Suppose that c is not directly finite. Then, 
by Lemma 14-2.31 there exists a purely infinite element x such that < x < c. 
But then, enlarging the family (xj)i g / by x yields an orthogonal family of nonzero 
purely infinite elements of [0, a], which contradicts the maximality of (xi)i g /. So, c 
is directly finite. □ 

We can then reformulate Proposition 12-6.51 in the language of lattices. 
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PROPOSITION 4-2.5. Let a, b 6 L such that a < b. Then there exists c e L 
such that c <b and A(c) = A(b) \ A(a). 

Proof. Propositions 14- 1 . 1 '}\ |4~TT31 14- Qj |4~T3T1 and El establish the hy- 
potheses of Proposition 12-6.51 Thus, A(b) \ A(c) exists in S. Since this element 
lies below A(b), there exists c 6 [0, 6] such that A(c) = A(&) \ A(a). □ 

The following important definition involves both the lattice structure and the 
dimension function. It is the key to proving the existence of majorized suprema 
in S. 

Definition 4-2.6. 

(i) Let a, b E L. We write a <t r im b, if there exists ceL such that a © c = b 
and A(c) = A(6) \ A(o). 

(ii) Let n be an ordinal. A K-sequence (aj)j< K of elements of L is trim, if the 
following conditions hold: 

(a) ci{ <trim a-i+i for all £ such that £ + 1 < n. 

(b) For any limit ordinal A < k, the sequence {a^ £ < A} is majorized, 
and V^<a a i <trim OA- 
Lemma 4-2.7. Let a, b G X swc/i i/iai a < b, let x E S such that A(a) < a; < 

A(o). TTien i/iere exists x <E L such that a <trim x <b and A(x) = x. 

Proof. Let c £ L such that a®c = b. So A (a) < x < A(b) = A(a) + A(c), 
thus x \ A (a) < A(c). Hence there exists y < c such that A(y) = x \ A (a). 
Now we put x = a © y. Then A(x) = A(a) + (x \ A(a)) = x, a < x < b, and 
A(x) \ A(a) = x \ A(a) = A(y). So, a < tr im a;- □ 

In the statement of the following Lemma T4-2. 81 a lifting of a family (aj); E j of 
elements of S 1 is a family (ai)i e / of elements of L such that A(ai) = a,i for all i e /. 

Lemma 4-2.8. Let k be an ordinal. 

(i) For all b G L, every increasing n-sequence of elements of [0, A(fe)] has a 
trim lifting in [0,b]. 

(ii) For any majorized trim sequences (x^)^ <K and (y^)^< K of elements of L, 

x^ ~ for all £ < k implies that y ~ \J y^- 

(hi) for every majorized trim lifting (a^)^ <K of a n-sequence (a^)^ <K of ele- 
ments of S, 

a(\/««) = V a «- 

Proof. We argue by transfinite induction on n. The result is vacuous for 
k = 0. Suppose that we have proved the lemma for all ordinals n' < re, with re > 0. 

(i) Let (a^)^ <K be an increasing re-sequence of elements of [0, A(b)]. We con- 
struct inductively elements of [0, b] , for £ < k. 

For £ = 0, pick any element ao of [0,6] such that A(ao) = do- 

Suppose we have constructed < b such that A(a^) = a^, with £ + 1 < re. By 
Lemma 14-2.71 there exists a^+i < b such that a^ <trim a^+i and A(<Z£+i) = a^+i. 
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Suppose finally that A < n is a limit ordinal and that (ctf )^<a is a trim lifting 
of (a^)^ < \ in [0,6]. We put 

ax = \f a^. 

Now, we observe that A(a^) = < a\ for all £ < A. Since (a{){<A is trim and 
majorized, it follows from (hi) of the induction hypothesis that A(aA) < a\. By 
applying once again Lemma 14-2.71 we obtain a\ < b such that a\ <trim a\ and 
A(a\) = a\. 

By the definition of a trim sequence, (a^)^< K is a trim lifting of (a^)^ <K in [0, b]. 

(ii) We construct inductively elements xjr £ L, for £ < k, of L, as follows. Wc 
put x' Q = xq. If £ + 1 < k, then x^ <t r im ^f+ij so there exists such that 

x^ + i = x^ © ^-fi an d A(xjr +1 ) = A(x£+i) \ A(x^). If A < k is a limit ordinal, we 
put Xa = Vf<A x £- Since xa <trim x\, there exists x' A such that xa © x A = xa and 
A(x' A ) = A(x\) x A(x\). It follows that X£ = ©)j<^x' for all £ < k. In particular, 

V 4 <k x « = ©e<«4- 

Let (j/^)j<k be constructed from (t/g)g< K the same way (x^)^< K is constructed 
from (x^)^< K . So x' Q — xq ~ yo — y' . Let £ such that £ + 1 < k. Since x^ ~ y^ and 

A(4+i) = A(x c+1 ) x A(x e ) = A( %+1 ) x A( % ) = A(y' £+1 ). 

Let A < k be a limit ordinal. By (hi) of the induction hypothesis, xa ~ y A . Since 
x\ ~ y\, we obtain that 

A(x' A ) = A(xa) \ A(xa) = A(y\) x A(y x ) = A(y A ). 

Hence we have proved that x^ ~ y'^ for all £ < n. Hence, by Axiom (L7), ®^< K x^ ~ 
® i<K y' v that is, \f £<K x 6 ~ \/ £<K y ( . 

(hi) Let (a{)^<K be a majorized trim lifting of (a^)^ <K . We put a — V^< K a 5- 
So, = A(a^) < A(a) for all £ < k. Now let b £ 5 such that < b for all £ < k, 
and let b £ L such that A(6) = b. By (i), (a^)^ <K has a trim lifting (a^)^ <K in 

[0,6]. In particular, Ar^^a'A < A(6). However, by (ii), A(a) = a(\J i<K a'^\ ] 
whence A (a) < b. So A (a) = \f i<K a e . □ 

Corollary 4-2.9. S satisfies Axiom (M2). 

Proof. We prove that every majorized subset X of S has a supremum. By 
Proposition 14-1.121 Proposition 14-1.281 and Lemma 12-4.31 every majorized finite 
subset of S has a supremum. 

So it remains to conclude in case X is infinite. We argue by induction on the 
cardinality of X. Write X = {a^ | £ < k}, where n is the cardinality of X. By the 
finite case and the induction hypothesis, for all £ < k, the set {a v \ r\ < £} has a 
supremum, say, bf. Since X is majorized, so is {b^ | £ < k}, that is, there exists 
b E L such that b^ < A(6) for all £ < n. By Lemma r4-2.8f iL the family (b^)^ <K has 
a trim lifting in [0,6], say, (6^)^< K . Put c = V^< K ^5- By Lemma 14-2.814 11). A(6) is 
the supremum of {b^ | £ < k}, that is, the supremum of X. □ 
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4-3. Axiom (M6) 

Standing hypotheses: L is an espalier, S is the dimension range 
of L, and A: L —» S is the canonical map. 

At this point, what remains to do in order to conclude the proof of Theorem A 
is to establish that S satisfies Axiom (M6). We shall devote Section |4"31 to this. 
In accordance with Definition 12-5.51 we state the following definition. 

Definition 4-3.1. Let a, b G L. We say that a is removable from b, in notation 
a Scm b, if A (a) <C rC m A (b) in S. Equivalently, a < rcm b, if a < b, and b < a © x 
implies that b < x, for all x G S. 

Notation 4-3.2. Let k be a cardinal number, let a, b G L. 

(i) Let K-a ~ b be the statement that there exists a homogeneous K-sequence 
( a c){<K such that 

©£<na£ = b and a ~ ao. 

(ii) Let K-a < & be the statement that there exists a homogeneous K-sequence 
(a^)^< K such that 

©£<« a £ < & aim a ~ a o- 

For example, 1 • a ~ & (resp., 1 • a < b) means that a ~ 6 (resp., a < b). Another 
example is that 2 • a ~ a if and only if a is purely infinite. 

Lemma 4-3.3. Let a, b £ L \ {0}, let [3 be an infinite cardinal number. If 
(3 ■ a < b, then there exist an infinite cardinal number 7 > (3 and a projection p of S 
such that p ■ a > and 7 • (p ■ a) ~ p ■ b. 

Proof. We start with a homogeneous family of j3 elements of [0, b] all equiv- 
alent to a (modulo ~), and enlarge it to a maximal such family, say, a = (aj)^< 7 , 
where 7 > (3 is an infinite cardinal number. Let b' G L such that 

b = b' © (® 4<7 a 4 ). 

By general comparability, there exists p G Proj S such that p ■ V < p ■ a and 
P ± ■ a ^Sp ± ■ b'. By the maximality of a, a % b', hence p ■ a > 0. Now we put 

b* =b' © (©o<e< 7 a«). 

Since 7 is an infinite cardinal and by Axiom (L7), b ~ &* . Moreover, p • 6' < p • ao, 
so, by Lemmas li-1.251 and [4-1.291 

p-b ~ p • 0* < p ■ (© 4<7 a 5 ) <p-b. 

Hence, by using Proposition 14- 1 . 121 and Lemma T4- 1.291 

p-6-p-(ffi 5<7 a 4 ) =eg< 7 0-aj). □ 
Lemma 4-3.4. Ho • a ~ a, /or a/Z purely infinite a E L. 

Proof. By Lemma 14-2.21 we have a = ® n <u>x n for some homogeneous se- 
quence (x n ) n<ul . Let lu — \_\ n<(l) I n De an infinite partition of w, with all the 
infinite. Put a n = ®k£i n Xk, for all n < lu. By Axiom (L7), a n ~ a for all n. The 
proof is concluded by the observation that a — On<Lua n - D 

By replacing a bijection from wxw onto to by a bijection from n x n onto k, 
for any infinite cardinal k, in the proof above, we easily obtain the following result. 
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Lemma 4-3.5. Let a, b G L, let k be an infinite cardinal number. If b ~ k ■ a, 
then b ~ k ■ b. 

Notation 4-3.6. For a G L, we put cc(a) = cc(A(o)) (see Definition l2-5.14jl . 

So, cc(a) = 1 1 a ~ OH" 1 , for all a E L. In view of Lemma [4-1.271 cc(a) is the 
smallest projection p of S such that p ■ a = a. 

Lemma 4-3.7. Let a, b € L purely infinite such that a < rcm b and 6^0. Then 
there exists a purely infinite e G L such that 

(i) e < b and e % a. 

(ii) e < c, /or a/Z purely infinite c <b such that a < rcm c and cc(e) < cc(c). 

Proof. We put F = {x < b \ x is purely infinite and x % a}. If 6 ^ F, then 
6 < a, thus, since a C rcm 6, 6 = 0, a contradiction. So, 6 G F. For all x G F, we 
denote by v(x) the least infinite cardinal number a such that a ■ y ^ a; for all y G F. 
By Lemma [4-3.41 z/(x) > Ki for all x G F. We pick e G F such that z/(e) = a is 
minimum, and we prove that this e satisfies the required conditions. Of course, (i) 
holds since e G F. 

Let c G L be purely infinite such that a < rcm c < b and cc(e) < cc(c). Note 
that cc(e) > (otherwise, e = 0, a contradiction). 

Claim 1. For all p G (0,cc(c)] and for every infinite cardinal number (3 < a, 
there exists q G (0,p] such that q ■ c ~ /3 • (g • c). 

Proof of Claim. If p ■ c < p ■ a, then, since p ■ a < rem p ■ c (Lemma l2-5.8f i)). 
P ■ c = 0, which is impossible since < p < cc(c). So, p ■ c ^ p ■ a, so p ■ c <E F . In 
particular, ^(p ■ c) > a > /3, so, by the definition of ;/(p • c), there exists d G F such 
that (3 ■ d < p ■ c. Note that p - d = d. Hence, by Lemma r4-3.3I there are g G Proj* S 
and an infinite cardinal number j > /3 such that 7 • (g • d) ~ • c and g • d > 0. In 
particular, gp • d = g • d > 0, so we may replace g by qp, and then 7 • (g • d) ~ g • c. 
Therefore, by Lemma f4-3. 51 7 • (g • c) ~ g • c, with 7 > /?, thus, since 7 > /3 and by 
Proposition 14- 1.121 /3 • (g • c) ~ g • c. □ Claim 1. 

Claim 2. For all p G (0, cc(c)], i/iere exists q G (0,p] swc/i f/iai g ■ e < g • c. 

Proof of Claim. By general comparability, there exists a decomposition p = 
p' (Bp" (in Proj S) such that p' ■ c < p' ■ e and p" ■ e < p" ■ c. If p" > 0, then we may 
take q — p" . So suppose that p" — 0, so p ■ c < p ■ e. Since p ■ c is purely infinite, 
there exist, by Lemmas 14-3.31 and 14-3.41 q G Proj S and an infinite cardinal [3 such 
that [3 ■ (qp ■ c) ~ qp ■ e and qp ■ c > 0. After replacing g by gp, we have g G (0,p], 
with 

/?-(g-c)~g-e (4-3.1) 

and g • c > 0. Since g • a < rcm g • c, we must have q ■ c ^ q ■ a, whence g • c ^ a, and 
so g • c G F. Hence /? < v(e) — a. Hence, by Claim ^ there exists r G (0, g] such 
that [3 ■ (r ■ c) ~ r ■ c. Therefore, by l|4-3.1|l . r ■ e ~ (3 ■ (r ■ c) ~ r ■ c. □ Claim 2. 

By Claim[21and by Proposition 14- 1 .^Tl cc(c) ■ e < c. However, by assumption, 
cc(e) < cc(c), thus cc(c) ■ e = e (see Lemma f2-5.3|l . so e < c. □ 

And now, Axiom (M6) (recall that A(c) = A(6)- L if and only if cc(c) = cc(6); 
see Definition l2-5.14|l . 
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Proposition 4-3.8. Let a, b E L be purely infinite such that a < rcm b. Then 
there exists a purely infinite e < b such that 

(i) a Son e and cc(e) = cc(fe). 

(ii) e < c, /or aZZ purely infinite c £ L such that a < rcm c and cc(c) = cc(6). 

Proof. We first claim that it will suffice to find a purely infinite element e < 6 
satisfying (i) and the the statement 

(i') e < c, for all purely infinite c < o such that a < r om c and cc(c) = cc(fe). 

Indeed, suppose that (i) and (ii') are satisfied. Let c € L such that a < lcm c 
and cc(c) = cc(6). Then A (a) < rcm A(6),A(c), and so A(a) < 10 m A(6) A A(c) 
by Corollary 12-5.91 There exists d < b such that A(d) = A(6) A A(c), whence 
a Son d < c. Moreover, d is purely infinite by Lemma 12-5.111 and cc(d) = 
cc(6) A cc(c) = cc(6) by Lemma l2-5.16f ii1. Since any element e < d would then 
satisfy e < c, the claim is proved. 

Let P be the set of all pairs (p, x) E (Proj S) x L such that ir is purely infinite 
and the following conditions hold: 

(a) p < cc(b) and x < p ■ b. 

(b) p • a San x and cc(x) = p. 

(c) For all purely infinite y < p ■ 6, the conditions p ■ a < re m y and cc(y) = p 
imply that x < y. 

Let {(pi, Xi) | i 6 7} be a subset of P, maximal with the property that the pi are 
nonzero and pairwise orthogonal. We observe that since {xi | i E 7} is majorized 
(by 6) and since the pi are pairwise orthogonal, it follows from Corollary 14- 1.201 
that (xi)i£i is an orthogonal family of L. We put 

P=\J Pi and x = ® ie iXi. 
iel 

Claim 1. The pair (p,x) belongs to P. 

Proof of Claim. Observe that cc(x) = p < cc(6) and x < p-b. Since all the 
purely infinite, x is purely infinite. Furthermore, • a ^ re m 

Xi < x for all i, 

thus, by Lemma 12-5.61 pi ■ a < rcm %■ This holds for all i, thus, by Lemma l2-5.8f ii) 
and Proposition IH-4.'2l p ■ a <„ x. 

Let y < p ■ b be a purely infinite element of L such that p ■ a <„ y and 
cc(y) = p. For all iE I, Pi ■ a < lcm pi ■ y and, by Lemma 12^5. ltif iiL cc(pi • y) = pi, 
so pi ■ x — Xi < pi ■ y. This holds for all i, thus x — p ■ x < y. □ Claim 1. 

So, it suffices to prove that p — cc(b). Until the end of the proof, we suppose 
otherwise. Put q — cc^p 1 - > 0. Since < q < cc(b) and a < TO m b, the relation 
q ■ b ^ q ■ a holds. Since q ■ a < r cm q • b, there exists, by Lemma |4-3.7I a purely 
infinite x* < q ■ b such that 

(") x* % q ■ a; 

0^) x * ^ f° r au purely infinite y* < q ■ b such that q ■ a < 1C m y* and 
cc(x*) < cc(y*). 

Now put r = ||x* < a||. So, by definition, r • a;* < r • a. If r • x* = x* , then 
x * J; r ' a i but a;* < q ■ 6, so £* — q ■ x* < • a < q • a, which contradicts (a) above. 
So, r • x* ^ x*, thus, since x* G cc(b)S, the projection p' = cc(&)r J - is nonzero. 
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Now, from pq = it follows that p ■ x* — 0, so p < r, that is, p _!_ p' . Hence, 
p' = qr . Moreover, cc(6) cc(x*)^ < cc(a;*)^ < r, whence, taking complements in 
cc(6), p' < cc(x*). In particular, cc(p' • x*) = p' . 

By general comparability, there exists g < cc(b) in Proj S such that g -a < g-x* 
and g 1 - ■ x* < g 1 - ■ a. Then cc(6)<7^ < r, whence p' < g, and so p' ■ a < p' ■ x* . By 
the definition of r and of p', s ■ x* % s ■ a, for all s G (0,p'], thus, by Lemma \'2- 5. I'M 

P' ■ a <rem p' ■ X* . 

Consider a purely infinite c' <p'-b such that p'-a < rem c' and cc(c') = p' . Since 
d <p'-b and qr _L p', the clement c* = c' ®qr- b is defined and c* < (p'\/qr)-b = q-b. 
Furthermore, since q < cc(6), cc(c*) = p' V qr = q. Since p' • a < rem c' and a < re m 
it follows from Lemma 12-5.81 that q ■ a < rcm c*. 

Therefore, by part (/3) of the definition of x*, a;* < c* , thus p' ■ x* < p' ■ c* = c' . 
So we have proved that (p' ,p' -x*) G P, with p nonzero and orthogonal to all the pi 
for i £ I, which contradicts the maximality of {{pi,%i) \ i G I}. So, p = cc(b). □ 

Proposition 14-3 . 8l concludes the proof of Theorem A. A more complete form of 
Theorem A is the following. 

Theorem 4-3.9. Let [L, <, J-,~) be an espalier. Then the quotient DrngL = 
L/~ can be endowed with a partial addition +, defined by the rule 

A(c) = A(a) + A(6), for all a, b, c G L such that c — a © b, 

that makes it a continuous dimension scale, with zero element A(0). 

4-4. D-universal classes of espaliers 

One of the questions that we shall regularly encounter throughout the study of 
various classes of espaliers, in Chapter [SI will be what are the possible dimension 
ranges of members of a given class of espaliers. 

Definition 4-4.1. A class £ of espaliers is D-universal, if every continuous 
dimension scale admits a lower embedding into the dimension range of some member 
of £. 

We recall that the class of espaliers is closed under so-called lower subespaliers, 
and also under direct products of espaliers, see Proposition 14-1.21 The following 
lemma records some elementary facts about these notions. We leave its easy proof 
to the reader. 

Lemma 4-4.2. 

(i) Let K and L be espaliers, let ip: K — > L be a lower embedding {see 
Lemma l4-1.3|) . Then the rule A/f(a;) t— > /S. L {ip(x)) defines a lower em- 
bedding from Drng K into Drng L . 

(ii) Let {L, <, _L, ~) be an espalier, let S be a lower subset of DrngL, put 

K = {xeL\ A L (x) G S}. 

Then K is a lower subespalier of L, and the rule A^-(ir) > A.^(x) defines 
an isomorphism from Drng K onto S. 

(iii) Let (Li)ig/ be a family of espaliers, let L = Yii^i Li be its direct product. 
Then the rule (A^ i [xi))i^i \— * Ai((xi)i e /) defines an isomorphism from 
n i6J DrngLj onto DrngL. 
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In the context of Lemma !4-4.2f i) . we shall of course write Drng ip: DmgK — > 
Drngi to denote the map that sends Ak(x) to Al{<p(x)), for every x G K. 

As a consequence of Lemma 14-4.21 the dimension ranges of members of D- 
universal classes of espaliers can be nearly anything reasonable. 

Proposition 4-4.3. Let £ be a D-universal class of espaliers. 

(i) If every bounded lower subespalier of every member o/£ belongs to £ ; then 
every bounded continuous dimension scale is isomorphic to the dimension 
range of some bounded member o/£. 

(ii) // every lower subespalier of every member of £ belongs to £, then every 
continuous dimension scale is isomorphic to the dimension range of some 
member of £. 

Proof, (i) Let S be a bounded continuous dimension scale, denote by a the 
largest element of S. Since £ is D-universal, there exists L G £ such that S is 
(isomorphic to) a lower subset of Drng L. Let a G L such that Ai(a) = a, put K = 
(a], a lower subespalier of L. It follows from the assumption and Lemma |4-4.2lT i 
that K belongs to £ and DrngX is isomorphic to S. Observe that K is bounded. 

(ii) Let S be a continuous dimension scale. Since £ is D-universal, there exists 
L G £ such that S is (isomorphic to) a lower subset of DrngL. Put K = {x G L \ 
&l{x) 6 5}. It follows from the assumption and Lemma f4-4.2f ii') that K belongs 
to £ and DrngX is isomorphic to S. □ 

The following result gives us a sufficient condition for D-universality. 
Lemma 4-4.4. Let £ be a class of espaliers satisfying the following conditions: 

(i) £ is closed under finite direct products. 

(ii) For every ordinal 7 and every complete Boolean space fl, there are L\, 
L\\, L\\\ G £ such that C(f2,Z 7 ) has a lower embedding into Drngii, 
C(S1,R 7 ) has a lower embedding into Drng in, and C(£l,2 7 ) has a lower 
embedding into DrngLni- 

Then £ is D-universal. 

Proof. It follows from Lemma T4-4.2I and assumptions (i), (ii) above that for 
every ordinal 7 and any complete Boolean spaces fii, On, and Him, there exists 
L G £ such that the continuous dimension scale 

C(f2i,Z 7 ) x C(0 n ,R 7 ) x C(Oin,2 7 ) 

embeds into DrngL. The conclusion follows from Theorem 13-8. 91 □ 

The results of Section 14-41 will make it possible to prove further results of D- 
universality. 

4-5. Existence of large constants 

Taking account of the various examples of espaliers discussed in the Introduc- 
tion, one is led to the conjecture that the appearance of large cardinal values in the 
functional representation of the dimension range of an espalier should be closely 
related to the existence of certain large orthogonal sums within the espalier. (See 
also the proof of Lemma f4-3. 71 ) Moreover, in the construction of espaliers of dif- 
ferent types, we will need to know what ingredients will ensure that the dimension 
range of an example will be as large as desired. In the present section, we provide 
some answers to the above questions. 
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Standing hypotheses: L is an espalier, S is the dimension range 
of L, and A: L — » S is the canonical map. Moreover, ft, fli, 
fin, fim are as in Section 13-71 

Let 7 be the ordinal and fj,: S — > C(Q,2 7 ) the dimension 
function defined in Section 13-61 

We put S = C(f2i, Z 7 ; fin,R 7 ;Oin, 2 7 ). We pick a lower 
embedding 5 : Sgn > S as in Proposition 13-7.91 Let e : S S 
be the corresponding lower embedding defined in Section 13-81 

Lemma 4-5.1. Let a, b G L be purely infinite elements with a < 6. Suppose that 
there is an infinite cardinal k such that n - b <b but k ■ c % a for all nonzero c G L. 
Then a < rcm b. 

Proof. Suppose i£L and b < a® x. Because of general comparability in L 
fProposition 14- 1/251 and comment following), there is some p G Proj^ 1 such that 
p ■ a < p ■ x and p 1 - ■ x < p -1 • a. Now 

P X ' fo ^ ' a ) © (P X ■ x) < p x ■ (2 • a) ~ p x ■ a 

by Lemmas 14- 1 . 251 and 14- 1 . 2'9l Moreover, these lemmas imply k ■ (p ■ b) < p i • b, 
and so we have k ■ (p ■ b) < a. Our assumptions on a now imply that p -6 = 0, 
and hence = p ■ b by Lemma 14-1.271 

Since p ■ a is purely infinite and p ■ a < p ■ x, we have (p • a) © (p • x) ~ p ■ x, and 

so 

b = V • b < (p • a) © (p • x) ~ p ■ x < x. 
Therefore a < rcm b. □ 

In many examples of espaliers, the orthogonality relation coincides with dis- 
jointness in the (partial) lattice: a _L b a A b = 0. Let us abbreviate this 
condition by the symbol (_L = AO). 

Lemma 4-5.2. Assume (J-= AO). Let x <E L be purely infinite, and let r) be 
an infinite cardinal such that x is not equal to any orthogonal sum of more than rj 
nonzero elements. Let y G L and let (3 > n be a cardinal number such that f3-x ~ y. 

Then y does not majorize any orthogonal sum of more than [3 nonzero elements. 
In particular, a ■ u % y for all a > [3 and all nonzero u G L. 

Proof. By assumption, y = ©ig/j/, with |/| = (3 and each yi ~ x. Suppose 
that y > (BjejZj where \ J\ > (3 and all Zj ^ 0. Since Zj A y ^ 0, we have Zj JL y. 
Axiom (L4) then yields a finite subset Ij C / such that Zj JL ©jgj.yj. Since the 
set of finite subsets of / has cardinality [3, the fibres of the map j i— > Ij cannot 
all have cardinality at most (3. Hence, there exist a subset J' C J with \J'\ > (3 
and a finite subset I' C I such that Ij = I' for all j G J'. Thus, the element 
y* = ®i£i>yi satisfies Zj JL y* , and so zj Ay* ^ 0, for all j G J', because of 
(_L = AO). Consequently, y* majorizes an orthogonal sum of more than [3 nonzero 
elements, and after adjoining an additional element if necessary, we may assume 
that y* equals such an orthogonal sum. However, y* ~ x because x is purely 
infinite, and so Axiom (L6) implies that x is an orthogonal sum of more than (3 
nonzero elements. This contradicts our hypotheses. □ 

Lemma 4-5.3. Assume (J-= AO). Let x G L be purely infinite, put p = cc(x), 
and let a be an ordinal such that x is not equal to any orthogonal sum of more 
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than H CT nonzero elements. Let y £ L and let r be an ordinal with K CT + r • x ~ y. 
TTien (p | K r ) is defined, and (p H r ) < A(y). 

Proof. We proceed by induction on r. 

Assume first that r = 0. The set X={a6 S^oo | cc(a) = p} is nonempty, as it 
contains A(x). Since the element (p | 0} = is removable from any element of L, the 
element (p | Ko) is defined as the least element of X. Thus, (p | H ) < A(izi) < A(y). 

Next, suppose that t = p+1 for some ordinal p. There is some z < y such that 
^ a +p ■% ~ z. By induction, (p | K p ) is defined, and (p | K p ) < A(z). Now (p | K p ) = 
A (a) for some purely infinite a < z, and Lemma 14-5.21 shows that H CT+r ■ u % z for 
all nonzero u G L. On the other hand, since H CT+T • x ~ y, we have K a+T • y ~ y. 
Hence, z < TO m y by Lemma T4-5. II and so a < 10 m y- Therefore (p | K p ) <C re m A(y). 
Since A(y) is a purely infinite element with central cover p, it follows that (p | H r ) 
is defined and majorized by A(y). 

Finally, suppose that r is a limit ordinal. For each ordinal p < r, there exists 
Vp < V such that H CT+p ■ x ~ y p . By induction, (p | H p ) is defined and (p | H p ) < 
A(y p ) < A(y). Therefore (p | K T ) is defined, and (p | K r ) = \J p<T (p | H p ) < A(y). 

□ 

Proposition 4-5.4. Assume (_L = AO). Let x, y e L be purely infinite elements 
such that cc(x) — cc(y) = 1, and let a, r be ordinals, such that x is not equal to 
any orthogonal sum of more than H a nonzero elements, and H CT _|_ T -x ~ y. Then the 
following statements hold: 

(i) /i(A(y))(a) > K r for all aeSl. 

(ii) There exists a purely infinite element u T £ L such that p(A(u T )) equals 
the constant function with value H T . 

(iii) Set L T — [0,u T ] C L, and restrict <, T, ~ from L to L T . Then L T is an 
espalier, andDmgL T ~ C(f2i, Z T ; f2n, K r ; f2in, 2 T ). 

Proof, (i) In view of Lemma r4-5.3I (1 | H T ) is defined and majorized by A(y). 
Since 1 £ a for all a G f2, we get p(A(y))(a) > H r for all a. 

(ii) Because of (i), the lower embedding e:S^S sends A(y) to a function 
/ G S with /(a) > K T for all a G Q. In particular, r < 7, and S" contains the 
constant function £ r with t r (a) = N T for all a G fl. Since e is a lower embedding, 
there is some w T G S such that e(w r ) = t T . Note that w r is purely infinite, because 
t T is. Hence, p(w T ) = e{w T ) — t T . It just remains to note that w T — A(u T ) for 
some purely infinite element u T G L. 

(iii) That L T is an espalier follows from Proposition 14- 1 . 2T i) . It is clear that 
DrngL r is isomorphic to the submonoid S T = [0, A(u r )] C S. Since e is a lower 
embedding, it maps S T isomorphically onto C(f2i, Z r ; flu, M T ; flm, 2 r ). □ 

In case (_L = AO) does not hold, it is not clear whether large orthogonal sums 
are sufficient to imply large constants. For use in that situation, we record the 
following more elementary approach. 

Lemma 4-5.5. Let n be an infinite cardinal, and (^)n <?<« a family of purely 
infinite elements of S (indexed by infinite cardinals). Set p = cc(bn ). For all 
infinite cardinals £ < 77 < k, assume that b^ < 6 J; but g(6 r; ) ^ <l{b() for all nonzero 
projections q < p. Then (p \ n) is defined, and (p \ n) < b K . 
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Proof. We show, by induction on £, that (p | £) is defined and majorized by b^, 
for all infinite cardinals £ < k. Since bx is a purely infinite clement with central 
cover p, it is clear from the definition that (p | Ko) is defined and (p | Ko) < b# . 

Next, suppose that £ is an infinite cardinal less than k, such that the element 
a = (p I 1S defined and a < b^. Note that the elements a and p(b^+) both have 
central cover p. By assumption, q{b^+) ^ q(a) for all nonzero projections q < p, 
whence Corollary 12-5.151 implies that (p | £) = a <C rC m p(b^+). Thus, (p | £ + ) is 
defined and (p | £ + ) < p(b^+) < b^+. 

Finally, if £ is a limit cardinal less than or equal to k, such that (p \ rj) is 
defined and majorized by b v for all infinite cardinals rj < £, then (p \ rj) < 6^ for 
all 77, whence (p | £} = Vn d <?j<£ (p I 7 7) is defined and (p | £) < □ 

Proposition 4-5.6. Let r 6e cm ordinal and {x a ) a <, T a family of purely infinite 
elements of L with central cover 1. For all ordinals a < (3 < t , assume that x a < xp 
but q ■ X/3 % q ■ x a for all nonzero projections q G Proj S . Then the following 
statements hold: 

(i) /i(A(iz; r ))(a) > H T for all oeSJ. 

(ii) There exists a purely infinite element u T £ L such that p(A(u T )) equals 
the constant function with value H T . 

(iii) Set L T — [0,it T ] C L, and restrict <, _L, ~ from L to L T . Then L T is an 
espalier, and DrngL T = C(f2i, Z T ; f2n, K r ; Qm, 2 T ). 

Proof, (i) Set b^ a — A(x a ) for all ordinals a < r. Then (&f)N <£<N T is a 
family of purely infinite elements of S with central cover 1, such that for all infinite 
cardinals £ < r\ < N T , we have b^ < b v but q(b v ) ^ q(b^) for all nonzero q £ Proj S 1 . 
Thus, by Lemma (1 | K T ) is defined and (1 | K T ) < A(x T ). Since lea for all 
a S f2, we get /i(A(x r ))(a) > H r for all a. 

(ii) and (iii) follow from (i) just as in Proposition 14-5.41 □ 
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Classes of espaliers 

5-1. Abstract measure theory; Boolean espaliers 

Definition 5-1.1. An espalier (L, <, _L, ~) is Boolean, if L is a Boolean lattice 
and x _L y if and only if x A y = 0, for all x, y G L. 

Of course, the underlying Boolean algebra of a Boolean espalier is complete. 
For a Boolean algebra B, we will denote by J_s the canonical orthogonality relation 
of B, that is, x J-b y if and only if x A y = 0, for all x, y € B. We say that a family 
{o-i)iei °f elements of B is disjoint, if o^ A a,j = for all i ^ j in /, and then we let 
©ig/di denote its join. 

Many of the axioms defining the class of espaliers do not need checking in the 
Boolean case. 

Proposition 5-1.2. Let B be a complete Boolean algebra, let ~ be a binary 
relation on B. Then (B, <b, -L_b, ~) is a Boolean espalier if and only if the following 
conditions hold: 

(BO) x ~ implies that x = 0, for all x £ B. 

(Bl) The binary relation ~ is unrestrictedly refining, that is, for every a € £> 
and every disjoint family (6i)ig/ o/ elements of B, if a ~ ©jg/frj, i/ien 
i/iere exists a decomposition a = ©jgjaj suc/i t/iot a, ~ 6^ /or i E I . 

(B2) 77ie binary relation ~ is unrestrictedly additive, that is, for all disjoint 
families (ai)i e i and (6i)jg/ o/ elements of B, if ~ 6^ /or aZ/ i £ I, then 

We leave to the reader the straightforward proof of Proposition 15-1.21 
Boolean espaliers can often be constructed from the following objects. 

Definition 5-1.3. A Boolean pre-espalier is a pair (_B, ~), where -B is a Boolean 
algebra and ~ is an equivalence relation on B satisfying Axioms (BO) and (Bl). 

We observe that the underlying Boolean algebra of a Boolean pre-espalier need 
not be complete. We recall (see, for example, T. Jech |27j ) that for every Boolean 
algebra B, there exists a unique (up to isomorphism) complete Boolean algebra, 
that we shall denote by B and call the completion of B, such that B is dense in B. 
The following result makes it possible to extend to B any Boolean pre-espalier 
structure on B. 

Lemma 5-1.4. Let (S, ~) be a Boolean pre-espalier. Define a binary relation 
~* on B by the rule 

x ~* y <^=> there are are decompositions x = ffiig/Xi, y = ©ig/j/j 

such that Xi, £ B and x^ ~ y i; for all i E I, (5-1.1) 
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for all x, y E B. Then (B,^*) is a Boolean espalier. Furthermore, ~* is the 
smallest equivalence relation ~' on B containing ~ such that (B, ~') is an espalier. 

We shall call ^* the espalier closure of ~. 

Proof. It is clear that every equivalence relation ~' on B containing ~, such 
that (B, ~') is an espalier, also contains ~*, hence it suffices to prove that (B, ~*) 
is an espalier. 

Since every element of B can be written (BieiXi, where all the a^-s belong to B, 
the binary relation ^* is reflexive. It is obviously symmetric. Now let a, b, c £ B 
such that a ~* b and b ~* c. There are decompositions of the form 

a = <Sieiai, b = © je /6- = ®jejb", c = ® 3 eJCj, 

with ai ~ 6- in B, for all i £ /, and 6" ~ Cj, for all j 6 J. For any i £ /, aj ~ b\ = 
© je j(6- A6"), thus, since <~ satisfies (Bl), there exists a decomposition = ®jeJ a i,j 
with ajj ~ 6 • A 6", for all j G J. For j G J, since Cj - 6" = © ie /(6- A 6") and 
by (Bl), there exists a decomposition Cj — (BieiCij such that 6- A 6" ~ Cij, for 
all i £ I. Therefore, a^j ~ Cjj, for all (i, j) £ I x J, and a = (B(ij)eixJ a i,j and 
c = ®(ij)G/xJ c ij; whence a ^* c. Therefore, ~* is an equivalence relation on B. 
It is obvious that ~* satisfies (BO). 

Now let a ~* (Bieibi in B. By definition, there are decompositions a = (Bje.J a 'j 
and (Bieibi = (djejb'j such that a'j ~ 6^, for all j G J. For j G J, since a^- ~ b'j — 
®iei(bi A b'j), there exists a decomposition a'j — (Bieibi j such that a^j ~ 6, A 6^, 
for all i 6 J. Observe that a = ©(i,j)e/ x J a i,ji P ut a i = ®jeJ a i,j, f° r all * S /. Thus 
a = ©ie/fli, and, by the definition of ~*, ai ^* (Bjej(bi A b'j) = b. t , for all i G /. 
Therefore, ~* satisfies (Bl). 

Finally let a — (Bieibi and b — (Bieibi with ai ^* 6j, for all i £ I. By definition, 
for all i E I, there are decompositions = (BjeJi a i,j and fri = (BjejMj such that 
djj ~ for alH G / and all j G Ji. Put J = Uie/(W x then a = ®(i,i)eJ a i,i 
and b = ®u,j)ejbi,j, whence a ^* b. Therefore, ~* satisfies (B2). □ 

For a Boolean espalier (B, ~) and a set /, we let the permutation group 6/ 
of / act on the Boolean algebra B 1 by translation: namely, 

(ax)(i) = x(a^ 1 (i)), for all x E B 1 and all a E 6j. 

Next, let ~/ be the equivalence relation on B 1 associated with this action and ~, 
that is, 

x ~/ y 3a G &i such that ?/(«) ~ x(a(i)), for all x, y E B 1 . 

Since 6/ acts on B 7 by automorphisms (of the Boolean algebra B 1 ) and (B, ~) is 
an espalier, it is easy to see that (B 1 , ~j) is a Boolean pre-espalier. Since £? 7 is 
already complete, the espalier closure of (B 1 , ~j) is an equivalence relation on B 1 , 
that we shall denote by ^ 7 . For i £ I, we denote by (fi: B ^ B 1 the canonical 
map, that is, <fii(x)(j) is equal to a; if i = j, to otherwise, for all a; G B and all 
jG J. 

Lemma 5-1.5. TTie following statements hold, for any i £ I: 

(i) The map <pi is a lower embedding of espaliers. 

(ii) The map Drng tpi is a lower embedding with dense image from B/~ into 
B 1 /- 1 . 
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PROOF, (i) It is obvious that ifi is a (<, _L)-isomorphism from B onto a lower 
subset of B 1 , and that x ~ y implies that (fi(x) ~ 7 fi{y)i for all x, y E B. Now 
suppose that <pi(x) ~ 7 <Pi{y). There are decompositions of the form x — ®j^jXj 
and y = (BjeJVj m -B such that <fi{xj) ~j tpi(yj), for all j 6 J. Hence x 3 ~ j/ 3 -, 
for all j £ J, whence, since (-B, ~) satisfies (B2), x ~ y. This completes the proof 
of(i). 

Let a £ B 1 j^ 1 be nonzero; so a = A(o), for some a E B 1 \ {0}. Since a has a 
nonzero component, there are b £ -B\{0} and a £ 6/ such that a(pi(b) < a. Hence, 

< (Drng^)(A(6)) = A(^(6)) - A(<r^(6)) < A(a) = a, 

which completes the proof of (ii). □ 

For a Boolean algebra B, we define a cardinal number wd(B) by 

wd(£?) = sup{|X | X is an antichain of B}. 

Furthermore, for a set 7, we put 

supp(x) = {i £ I | x(i) 7^ 0},for all x £ .B 7 . 

The coming set of lemmas, from 15-1.61 to 15-1.81 is aimed at constructing Boolean 
espaliers whose dimension ranges have large constants. Instead of accomodating 
the results of Section F5l to the present context, we propose direct proofs, probably 
of more interest to the Boolean algebra-oriented reader. 

The following lemma expresses, essentially, the well-known fact that large 
enough cardinals are preserved from the ground universe V to the Boolean-valued 
universe V B . 

Lemma 5-1.6. Let (_B,~) be a Boolean espalier, let I be a set. If x ~ 7 y, then 
supp(y) < | supp(x)| • wd(B), for all x, y £ B 1 . 

Proof. Put n = |supp(x)| • wd(B). Since x ~ 7 y, there are decompositions 
of the form x = (Bj^jXj and y = (Bj^jyj such that Xj ~j yj for all j £ J. By 
decomposing further the Xj-s and the yj-s as disjoint sums of elements of D = 
\Jici<Pi[B \ {0}], we may assume, without loss of generality, that both Xj and yj 
belong to D, for all j £ J. Hence, for all j £ J, there are a(j), b(j) £ I and Xj, 
y~] £ B \ {0} such that Xj — f a (j)(^j) and yj — fb(j)(Vj)- We observe that 

supp(x) = {a(j) \jeJ} and supp(y) = {b(j) \ j £ J}. 

Put Ji — {j £ J | a(j) — i}, for all i £ supp(x). Since the family (xj)j < zj i is the 
image under ipi of the antichain (xj)j^j i of B, the inequality \ Ji\ < wd(B) holds. 
Therefore, 

|supp(y)| < |J| = l J *l< K - D 

iGsupp(a:) 

For a Boolean algebra B, a set I, and a subset X of /, we put X ■ 1 = (xj)jgj, 
where Xj = Is if i £ X and Xj = Ob if « ^ -X"; hence X ■ 1 £ i? 7 . 

Lemma 5-1.7. Let (B, ~) 6e a Boolean espalier, let I be a set. Then \X\ = \Y\ 
implies that X ■ 1 - 7 Y ■ 1, for all X,Y C I. 

Proof. Let a : X -» Y be a bijection. If X is finite, then a can be extended to 
a permutation r of I, thus X • 1 ~ 7 r(X -1) = Y • 1. Suppose now that X is infinite. 
There exists a partition X = Xq U X\ of X such that |-X~o| = \X±\ — \X\. Put 
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Yi = cr[Xi], for i < 2. Then the restriction of a from X% onto Yi can be extended 
to a permutation n of /, for all i < 2. Therefore, 

X-l = (X -l)®(Xi-l) ~ 7 r (X -l)®T 1 (X 1 -l) = (y -i)®(y 1 -i)=F-i. □ 

The following lemma makes it possible to find Boolean espaliers with long 
< rem -chains. 

Lemma 5-1.8. Let (B, ~) be a Boolean espalier, let a, (3, m be infinite cardinals 
such that wd(B) < a < [3 < m. Then the relation a-1 < lcm (3-1 holds in the espalier 
(5 m ,~ m ). 

Proof. Let x, y e B m such that /3 • 1 = x © y and x ^ m a ■ 1, we prove 
that y ~ m /? • 1. It follows from Lemma [5-1.61 that | supp(x)] < a, thus, putting 
Y = j3 \ supp(x), we obtain that |V| = f3 and Y ■ 1 < y. From Lemma [5-1.71 it 
follows that Y ■ 1 ~ (3 • 1, whence j3 ■ 1 < y. Since y < (3 ■ 1 and by Lemma f4- 1.1 21 
it follows that y ~ m ■ 1. □ 

Lemma 5-1.9. Let f2 &e a complete Boolean space, let 7 be an ordinal. Then 
there exists a Boolean espalier {B, ~) such that B /~ = C(f2,Z 7 ). 

Proof. Denote by D the complete Boolean algebra of clopen subsets of f2. 
Let be an ordinal such that wd(£>) < Kg, put m — wg+ 7 , endow the direct 
power D m with the previously introduced ~ m defined from the espalier (D, =). We 
consider the map ipo : D £> m introduced earlier. It follows from Lemma r5- 1 . 5l that 
ipo is a lower embedding of espaliers and Drng tpo is a lower embedding of continuous 
dimension scales with dense image. In particular, Proj D m = Proj D = D. Since f2 
is isomorphic to the ultrafilter space of D, it follows from Theorems 13-8.91 and 14-3.91 
that D m /^ m has a lower embedding into an espalier of the form 

S = C(f2i,ZQ,;f2n,]R Q ;f2m,2 a ), 

for some ordinal a and a partition 17 = Oi U On U Qui of O into clopen sets. 
However, the continuous dimension scale D = C(f2, {0, 1}) has a lower embedding 
into D m /^ m , thus fin = Qui = and fii = Q. Finally, it follows from Lemma l5-1.8l 
that the (7 + l)-sequence (A(wg + £ • 1))^< 7 is <C rcm -increasing in D m /^ m , but all 
the members of this sequence have central cover 1, thus the image of D m /^ m in 
S contains a function whose values are all above K 7 , in particular, C(f2,Z 7 ) has 
a lower embedding into D m /~ m . The argument of Proposition 14-4.31 shows then 
that there exists a bounded lower subespalicr (B,~) of (D m ,~ m ) such that f?/~ 
is isomorphic to C(f2, Z 7 ). □ 

Lemma 5-1.10. Let Q, be a complete Boolean space, let 7 be an ordinal. Then 
there exists a Boolean espalier (B, ~) such that B/~ = C(f2,R 7 ). 

Proof. The proof of Lemma 15- 1 . 1 Ul rea uires some familiarity with forcing and 
complete Boolean algebras, in particular, the random real extension and two-step 
iterated forcing, see |27j . We denote by B^ the Boolean algebra of all Borel subsets 
of the real unit interval [0, 1] modulo null sets, the random algebra, and by m : B^ — > 
[0, 1] the Lebesgue measure on B^. Furthermore, let x ~ y hold, if m(a;) = m(y), 
for all x, y G B u . Let a = J^iei ai > ^ or a f amu y ( a i)i&i of elements of [0, 1], mean 
that a is the supremum over all finite subsets J of / of ^2 ieJ oti. We need a couple 
of standard facts on the measure m, summed up in the following claims. 
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Claim 1. 

(i) m(©jg/Xj) = Sie/ m ( x «)> f or anv disjoint family (xi)i e j of elements 
<>f />',- 

(ii) Let x G B u and let (a^jeJ ^ e a family of elements of [0, 1]. // m(x) — 
J2iei a h then there exists a decomposition 13^ such that 
m(xi) — on, for all i E I. 

PROOF of Claim, (i) Observe that the assumptions imply that the set {i G I \ 
Xi > 0} is countable; the conclusion follows from countable additivity of Lebesgue 
measure. 

(ii) Again, {i G I \ on > 0} is countable, so we may assume without loss of 
generality that I = u. It is then easy to construct inductively a nondecreasing 
sequence (a,i)i <u of elements of [0, 1] satisfying the conditions m(x n [0, do]) = a a 
and m(xn[a„, a n+ {\) — a n+ i, for all n < u>. Put a = sup n<w a n , then xq = x\[ao, a] 
and x n = x n [a n , a„+i], for all n < u>, satisfy the desired conclusion. □ Claim 1. 

As an immediate corollary, we obtain the following claim. 

Claim 2. The structure is a Boolean espalier, with dimension range 

isomorphic to [0, 1]. 

Now we work under the assumptions of Lemma 15-1.101 Denote by C the com- 
plete Boolean algebra of clopen subsets of ft. We consider the quotient of the 
Scott-Solovay C-valued universe V c of set theory under the equivalence relation 
that identifies names x and y if and only if \\x = y\\ = 1. We still denote by V c the 
quotient, endowed with its natural Boolean value, so, now, \\x = y\\ = 1 if and only 
if x = y, for all cc, y G V c . Furthermore, let denote the (equivalence class of 
the) C-valued name for B^, and put D = C * B^,, the two-step iterated forcing of 
C by the random algebra of V c . Hence D is the complete Boolean algebra of all 
x G V c such that \\x G B^W = 1, the partial ordering < being defined by x < y if 
and only if \\x < y\\ = 1. Hence, orthogonality in D is defined by x _L y if and only 
if||a:Ay = 0|| = l. Let ~ be the binary relation defined on D by x ~ y if and only 
if \\x ~ y\\ = 1, for all x, y G D. 

Claim 3. The structure (D, ~) is a Boolean espalier. 

Proof of Claim. It is obvious that ~ satisfies (B0). Now let a ~ b in D, 
with b decomposed as b — (B ie ibi. If p p* denotes the canonical embedding 
from C into C * B^, the relation p < \\x < y\\ is equivalent to p* A x < y, for all 
x, y G D. It is an easy exercise to deduce from this the relation lib = © <e jbi = 1, 
where the symbol / denotes the canonical name in V c for /. Moreover, 

|| a ~ b|| = || (B u , ~) is a Boolean espalier|| = 1 

and V c is a Boolean- valued model of set theory, in particular, V c satisfies Claim|21 
Therefore, 

||3(:Ei)j 6 j such that a — (B i£ jXi and Xi ~ bi, for all i G I = 1. 

Since V c is full and the notion of function is absolute, there exists a family (a^)^/ 
of elements of D such that || ge.^ ~ bj|| = 1, for all j e /, and 

\\a = ©ig/Oijl = 1. 

Hence a = (Bieidi and ~ bi, for all i G /. □ Claim 3. 
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We shall now identify the dimension range of (D, ~). For every a E D, there 
exists a unique a E V c such that \\a = m(a)|| = 1. Observe, in particular, that 
|| < a < 1|| = 1. We put a = e(a). 

We need the following standard fact. 

Claim 4. There exists an isomorphism of partial commutative monoids from 
C(0, [0, 1]) onto the set of a E V such that ||0 < oc < 1|| = 1, endowed with the 
addition defined by 7 = a + [3 if and only if 1 1 — y = a + (3\\ = 1. 

Proof of Claim. This is a particular case of a much more general statement, 
see, for example, [551 Theorem 3.10]. □ Claim 4. 

From now on we identify the elements of C(f2, [0, 1]) with the C-valued names 
of elements of [0, 1], via the isomorphism of Claim^l We obtain the following result. 

Claim 5. The map e can be factored through ~, to an isomorphism from D/ '~ 
onto C(f2, [0,1]). 

PROOF of Claim. For a, b E D, e(a) = e(b) if and only if ||m (a) = m(6)|| = 1, 
if and only if \\a ~ 6|| = 1, if and only if a ~ b. If c E D and c — a © b, then 
\\c = a® b\\ = 1, thus ||m(c) = m(a) + m(6)|| = 1, thus e(c) = e(a)+e(b). Finally, 
let a E C(f2, [0, 1]). There exists a unique a E V c such that \\a — [0, a] || = 1, thus 
a E D and e(a) = a, so e is surjective. □ Claim 5. 

The rest of the proof proceeds like in the proof of Lemma 15-1.91 of which 
we shall keep the notation. It follows from Claim that the Boolean algebra of 
projections of (D, ~) is isomorphic to C, see Claim|31in the proof of Theorem l3-3.6l 
If 9 is an ordinal such that wd(D) < Kg and we put m = ^e+ 7 , then D m has a 
<C lcm -increasing chain of length 7 + 1. Furthermore, observe that this time, since 
C(£l, [0, 1]) has a lower embedding into D m /~ m , Hi = flm = while Sin = ^l, and 
the image of D m /~ m in S contains a function with values above H 7 . Hence, there 
exists a bounded lower subespalier (B, ~) of (D m , such that B/~ = C(£!,R 7 ). 

□ 

Lemma 5-1.11. Let SI, be a complete Boolean space, let 7 be an ordinal. Then 
there exists a Boolean espalier (B, ~) such that B /~ = C(f2, 2 7 ). 

Proof. In order to give a proof of Lemma f5-l. Ill it is also convenient to be 
familiar with forcing and complete Boolean algebras. We denote by the Boolean 
algebra of all Borel subsets of the Cantor space {0, 1}^ modulo meager sets, the 
Cohen algebra. Furthermore, for x E C u , we define n(ir) = Ho if x > while 
n(0) = 0. Let x ~ y hold, if n(x) = n(y), for all x, y E C u . 

Claim 1. The structure (C w ,^) is a Boolean espalier, with dimension range 
isomorphic to {0,Ho}. 

Proof of Claim. Every nonzero element of C u can be decomposed as a dis- 
joint union of two (resp., u>) nonzero elements of C u . Furthermore, if u = ©jg/ttj 
in C u , then {i E I \ Ui > 0} is countable. It follows easily that ~ satisfies (Bl). 
It obviously satisfies (B0) and (B2). Since every nonzero element of C w can be 
decomposed as a disjoint union of two nonzero elements of C u , every element of C u 
is purely infinite. It follows that C w /~ = {0, Kq}. □ Claim 1. 
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Now we work under the assumptions of Lemma 15-1.1 II Denote by C the com- 
plete Boolean algebra of clopen subsets of fi. We define the (quotiented) Scott- 
Solovay universe V c of set theory as in the proof of Lemma l5- 1.101 Furthermore, let 
Coj denote the (equivalence class of the) C-valued name for C w , and put D = C*Ccj, 
the two-step iterated forcing of C by the Cohen algebra of V . Hence D is the com- 
plete Boolean algebra of all x G V c such that \\x G C w || = 1, the partial ordering 
< being defined by x < y if and only if ||a; < y\\ = 1. Hence, orthogonality in D 
is defined by x _L y if and only if \\x A y = 0|| = 1. Let ~ be the binary relation 
defined on D by x ~ y if and only if \\x ~ y\\ = 1, for all x, y G D. 

The proof of the following Claim [21 is, mutatis mutandis, the same as the one 
for Claim 01 in the proof of Lemma 15-1.101 

Claim 2. The structure (D, ~) is a Boolean espalier. 

We shall now identify the dimension range of (D, ~). For every a E D, there 
exists a unique a G y c such that ||a = n(a)|| = 1. Observe, in particular, that 
\\a G {0, N }|| = 1- We put a = e{a). 

The analogue of Claim^Jof Lemma l5-1.10l takes the following simple form, with 
a much more direct proof. 

Claim 3. There exists an isomorphism of partial commutative monoids from 
C(f2, {0, No}) (isomorphic to C) onto the set of a. G V c such that \\a G {0, Ko}|| = 1, 
endowed with the addition defined by 7 = a + (3 if and only if \\~{ = a. -\- (3\\ = 1 . 

From now on we identify the elements of C(Q, {0, H }) with the C-valued names 
of elements of {0, H }, via the isomorphism of Claim We obtain the following 
result. 

Claim 4. The map e can be factored through ~, to an isomorphism from D/~ 
onto C(f7,{0,K }). 

PROOF of Claim. The proof that e is an embedding for < and for + is the 
same as in the proof of Claim0]of Lemma f5- 1.1 01 Let a. G C(0, {0, Ho}). There 
exists a G V c such that \\a = 0|| = \\a = 0||, thus a G D and e(a) = a, so e is 
surjective. □ Claim 4. 

The rest of the proof proceeds like in the proof of Lemma 15-1.101 It follows 
from Claim^Jthat the Boolean algebra of projections of (D, ~) is isomorphic to C. 
If is an ordinal such that wd(D) < Kg and we put m = ^e+ 7 , then D m has a 
<C 10 m-i n creasing chain of length 7 + 1. Since C(0, {0, K }) has a lower embedding 
into L> m /~ m , fii = fin = while fim = Q, and the image of D m /~ m in S contains 
a function with values above K 7 . Hence, there exists a bounded lower subespalier 
(B, ~) of {D m , ~ m ) such that =S C(f2, 2 7 ). □ 

Remark 5-1.12. Since the Boolean algebra C w has an absolute (in set-theo- 
retical sense) dense subalgebra, namely, the Boolean algebra of clopen subsets 
of {0, 1}", the forcing could, in principle, have been eliminated from the proof of 
Lemma f5- 1.1 II for example, one could have taken for D the completion of C ® 
(the tensor product for Boolean algebras is just the coproduct). Such an argument 
would not have worked for Lemma 15-1.1 01 because B^ of the ground universe may 
not be dense in the B^ of a generic extension. 



By Lemma [4-4.41 and Proposition 14-4. JT i'l . we thus obtain the following result. 
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Theorem 5-1.13. The class of Boolean espaliers is D-universal. Moreover, 
every bounded continuous dimension scale is isomorphic to the dimension range of 
some Boolean espalier. 

5-2. Conditionally complete, meet-continuous, relatively 
complemented, modular lattices 

We first recall some basic lattice-theoretical definitions, see |19j . A lattice 
(L, V, A) is modular, if x > z implies that x A (y V z) = [x A y) V z, for all x, y, 
z G L. We say that L is 

- complemented, if it has a least element 0, a largest element 1, and every 
x G L has a complement, that is, y G L such that xAy — and x\/y = 1. 

- sectionally complemented, if it has a least element and every sublattice 
of the form [0, a], for a £ L, is complemented; 

- relatively complemented, if every sublattice of the form [a, b], for a < b 
in L, is complemented. 

In general, these notions are unrelated. However, in the modular case, the 
following implications hold: 

complemented =>■ sectionally complemented =>■ relatively complemented. 

We say that the lattice L is complete, if every subset of L has an inhmum — 
equivalently, every subset of L has a supremum. We say that L is conditionally 
complete, if every nonempty bounded subset of L has an infimum — equivalently, 
the interval [a, b] is complete, for all a < b in L. We say that L is meet-continuous, 
if for every a £ L and every upward directed subset X of L admitting a supremum, 
the equality a Ay X ~y{aAX) holds, where we put a AX = {a Ax | x 6 X}. If the 
dual condition holds, L is called join continuous, and if both conditions hold, L is 
continuous. (This definition of continuity is not equivalent to the one presented in 
G. Gierz et al. |14| . which is nowadays often called "Scott continuity".) A contin- 
uous geometry is any complete, complemented, modular, continuous lattice. (This 
is the current terminology; von Neumann's original definition included hypotheses 
of irreducibility and lack of chain conditions. What we have called a continuous 
geometry was called a "reducible continuous geometry" or a "continuous geometry 
in the general sense" in some of the older literature.) 

The dimension monoid of a lattice L, see |56| . is the commutative monoid 
DimL defined by generators A(a,b), for a < b in L, and the following relations: 

(DO) A(a, a) = 0, for all a 6 L. 

(Dl) A(a, c) = A(a, b) + A(b, c), for all a < b < c in L. 
(D2) A(a, a V b) = A(a A b, b), for all a, b <E L. 

It is an open problem whether the dimension monoid of an arbitrary lattice is 
always a refinement monoid, however, this is solved in a few important particular 
cases: the case of finite lattices, of which the dimension monoids are so-called primi- 
tive monoids, and the case of modular lattices, for which an alternative presentation 
of the dimension monoid is given that implies refinement. We shall concentrate here 
on the latter. 

In a modular lattice L with zero, let x _L y hold, if x A y — 0, for any x, y G L, 
and then we define x © y = x V y. The following result is folklore, see, for example, 
56, Proposition 8.1]; it says, essentially, that © is associative in modular lattices. 
We state it in a way that relates it to the axioms defining espaliers. 
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Proposition 5-2.1. Let L be a modular lattice with zero. Then the relation _L 
on L satisfies (L2). 

In a modular lattice L, we define the binary relations ~ (perspectivity) , ^2 {bi- 
perspectivity) , m (projectivity), and ~ (projectivity by decomposition) as follows: 

x ^ y <^=> 3z such that x © z = y © 2; 

x ^2 V < ^=^ > 3z such that x ~ z ~ ?/; 

x k y <==> 3n G N, 3zo, . . . , z n such that x = zq ~ Zi ~ • • • ~ z n = y; 

x~y 3n e N, 3x fay ,..., a; n _i « y n _! 

such that x = ®i <n Xi and y = ®i <n yi- 

In case L is a relatively complemented lattice with zero, the dimension monoid 
DimL of L is generated by the elements A(x) — A(0, x), for x £ L (see |56l 
Proposition 9.1]). We define the dimension range of L as DrngL = {A(x) | x G L}. 
In case L is also modular, Drng L can be endowed with the partial addition defined 

by 

A (a) + A(b) = A(a © 6), for all a, b G L such that a _L b. 

Furthermore, the partial commutative monoid Drng L determines the commutative 
monoid DimL, and any equality of the form A(a) = A(6) can be tested in a very 
simple way, see Corollaries 9.4 and 9.5 in |56| and Proposition ^- 1 . 13l of the present 
paper. 

Proposition 5-2.2. Let L be a sectionally complemented modular lattice. Put 
S = DrngL. Then the following statements hold: 

(i) A(a) = A(b) if and only if a ~ b, for all a, b G L. 

(ii) DimL = S, the universal monoid of S. 

This is the point where the theory of espaliers and continuous dimension scales 
comes in. Our plan is to associate, with a sectionally complemented, modular 
lattice L, an espalier L* such that the dimension range of L, as defined above, is 
the dimension range of L*. The structure L* is simply defined as (L, <, _L, ~), for 
those _L and ~ defined above, so all we need to do is find sufficient conditions for it 
to be an espalier. The following lemma sums up some of the hardest (in particular 
item (i)) and most useful results of |56| . 

Lemma 5-2.3. Let L be a conditionally complete, meet- continuous, sectionally 
complemented, modular lattice. Then the following statements hold: 

(i) x ~.y if and only if there are decompositions x — xq © x\ and y — yo © y\ 
in L such that xo ~ yo and x\ ~ y\, for all x, y G L. 

(ii) Let a, b G L and let (6i)ie/ be a family of elements of L. If a ~ (Bi^ibi, 
then there exists a decomposition a — ffiig/a.^ such that ~ bi, for all 

iel. 

(iii) Let (ai)iej and (bj)jt=j be families of elements of L such that ©ie/ a i — 
(Bj,= jbj. Then there are families (3Pt,j')(»j)e/x J an d (yi,j)(i.j)eixJ of ele- 
ments of L such that 

ai = (Bj^jXij, for all i E I, 

bj = ®i£iVi,j, for all j G J, 

and Xij ^2 y-i,j, for all G / x J. 
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Proof, (i) follows immediately from Lemma 10.4 and Theorem 13.2 in |56j . 

(ii) There exists c <E L such that a c = 6 © c. Let r : [0, 6] -» [0, a] be the 
perspective mapping with axis c, that is, t{x) = (x © c) A a, for all x £ [0,6]. 
Put Oi = r(bi), for all i € I. Since r is an isomorphism from [0,6] onto [0, a], the 
equality a — (Bieicii holds. Furthermore, aj is perspective to bi with axis c, for all 
tel. 

The proof of (hi) is virtually the same as the one of |56l Lemma 12.17], except 
that we replace countable families by transfinite ones. We give the proof here for 
the convenience of the reader. So, let A and k be ordinals, let (a a ) a< \ and (bp)p <K 
be orthogonal families of elements of L such that © tt <Aa Q = ®p< K bp. We put 

a a = ©£< a ci£, for all a < A, 

bp = ® v< pb v , for all (3 < k. 

Furthermore, we put c a< p = (a Q +i A bp) V (a a A 6/3+1) and d at p = a a +\ A 6,9+1, for 
all a < A and all [3 < k. Since c a ^p < d a jj and L is sectionally complemented, 
there exists z a< p 6 L such that c Q;( 3 © z a ^p = d a ,p. 

Claim 1. The statement (a a A bp) © (® v <f3Z a ,ri) = Oq+i A bp holds, {or all 
a < A and all (3 < n. 

Proof of Claim. We prove the conclusion by induction on (3. It is trivial for 
(3 = 0. For (3 a limit ordinal, it follows easily from the meet-continuity of L and the 
induction hypothesis. Now suppose having proved the statement at step f3, we prove 
it at step f3 + l. It follows from the induction hypothesis that ® ri <ijZ a ^ < a a +\ A 6/3, 
thus 

a a A 6/3+1 A (® n <f3Z a , v ) = {a a A 6,3+1) A (a a+1 A bp) A (® v <pZ a>n ) 
= (a a A bp) A ® v< pz a , v 
= 0, 

that is, a a A 6/3+1 L ©^</32 a , 77 . Furthermore, 

(a Q A 6/3+1) © (ffi^< ( 3Z Q , t; ) = (a a A 6/3+1) V (a a A 6/3) V (® 

= (a a A 6/3+1) V (a Q +i A 6/3) 

(by the induction hypothesis) 

= Cq,/3, 

whence 

d a ,p = C a .p © Z a ,/3 

= ((a a A 6/3+1) © (® n </3Z a , v )) © z ai(3 

= (a Q A 6/3+1) © (®7)</3+i2a,77)- □ Claim 1. 

Of course, by symmetry, the following claim is also valid. 

Claim 2. The statement (a a Abp)(B((B£<aZ£,p) = a a A 6/3+1 holds, for all a < A 
and o/Z (3 < k. 

In particular, using Claimnjfor (3 = n yields that a a © (ffi^< K z ct ,r;) = « a © a a , 
thus ffi^< K 2 ; a,)) ~ a a . Thus, by item (ii) above, there exists a decomposition of the 
form a a = ®ri<K,x a ,ri such that x a ^ ~ z afl , for all 7/ < k. Similarly, for all (3 < k, 
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there exists a decomposition of the form bp — (B$<\y$,p such that Z£ t p ~ y^,p, for 
all £ < A. It follows that x^^ ~2 2/£,?j, for all £ < a and 77 < /3, and the ajf^-s and 
2/f are as desired. □ 

Proposition 5-2.4. Let L be a conditionally complete, meet- continuous, sec- 
tionally complemented, modular lattice. Then L* = (L, <, _L, ~) is an espalier, and 
Drng L — Drng L* . 

Proof. The verifications in L* of Axioms (LI) to (L5) and (L8) are either 
trivial or immediate consequences of the assumptions and Proposition l5-2.il 

Let a, b, bi (for i £ I) be elements of L such that a !~ b and b — (B ie jbi. By 
Lemma ETOT ). there are a', a", 6', 6" € L such that a = a' ©a", b = 6' ©6", a' - b', 
and a" ~ 6". Applying Lemma r5-2.3f iiil to the equality b' ©6" = ©je/6j, we obtain 
decompositions 6' = ffi, 6 ja;-, b" = (Biei x i , bi — y ■ © y-', for all i e i", such that 
cc- ~ 2 y» and ~ 2 y", for all i G I. Since a' ~ 6' = ©, 6 i^ and a" ~ 6" = ® ie ix", 
there are, by Lemma f5-2.3f ii*) . decompositions a' = ©je/u^ and a" = ©ig/a" such 
that ~ x\ and a-' ~ x", for all i £ I. Observe that a = a' © a" — ©ig/fli, where 
we put dj = © a", for all i G /. Furthermore, a* ~ bi, for all i £ I. Hence ~ is 
unrestrictedly refining (Axiom (L6)). 

The proof that ~ is unrestrictedly additive (Axiom (L7)) is virtually the same 
as 56, Proposition 13.9], except that countable families are replaced by arbitrary 
families. 

The statement that Drng L = Drng L* follows immediately from Proposi- 
tion E22ti). □ 

COROLLARY 5-2.5. The dimension monoid of any conditionally complete, meet- 
continuous, sectionally complemented, modular lattice is a (total) continuous di- 
mension scale. 

Proof. By Proposition l5-2.4l L* is an espalier and Drng L = Drng L* , thus, by 
Theorem l4-3.9l S — Drngi is a continuous dimension scale. By Corollarv l3-8.11l S 
is also a continuous dimension scale, but by Proposition 15-2 . 21 DimL is isomorphic 
to S, thus it is a continuous dimension scale. □ 

Hence we can complete the program of determining the dimension theory of 
conditionally complete, meet-continuous, relatively complemented, modular lattices 
initiated by I. Halperin and J. von Neumann in |22j . 

Theorem 5-2.6. The dimension monoid of any conditionally complete, meet- 
continuous, relatively complemented modular lattice is a (total) continuous dimen- 
sion scale. 

Proof. Let L be a conditionally complete, meet-continuous, relatively com- 
plemented modular lattice. The interval [a, b] is a conditionally complete, meet- 
continuous, complemented modular lattice, for all a < b in L, thus, by Corol- 
lary its dimension monoid Dim[a, b] is a continuous dimension scale. Fur- 
thermore, if a' < a < b < b' in L, then the natural map from Dim[a, b] to 
Dim[a',6'] is, by |56l Corollary 13.5], a lower embedding of commutative monoids. 
Express the lattice L as the direct limit of the direct system 3 of its closed intervals. 
Since the Dim functor preserves direct limits, it follows from Lemma 13-1.101 that 
DimL = lim r , Dimla, 61 is a continuous dimension scale. □ 
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We say that a (von Neumann) regular ring R is right continuous, if the lat- 
tice £j(R) of all principal right ideals of R (cf. |17l Theorem 2.3]) is complete and 
meet-continuous. In particular, every right self-injective regular ring is right con- 
tinuous, see |171 Corollary 13.5]. The connection between the present section and 
the upcoming Section [5-31 is made possible by the following immediate consequence 
of [211 Corollary 13.4]. 

Proposition 5-2.7. Let R be a right continuous regular ring. Then the fol- 
lowing statements hold: 

(i) The monoid V{R) of isomorphism classes of finitely generated projec- 
tive right R-modules is isomorphic to the dimension monoid Dim£(i?) 
ofL(R). 

(ii) Two principal right ideals I and J of R are isomorphic if and only if 
there are decompositions I = Iq © 1 1 and J = Jq © J± such that Iq ~ Jo 
and I\ ~ J\ . In particular, I = J if and only if I ~ J in the lattice 
L{R). 

The results of Section 15-31 below imply that the espaliers of the form L* ap- 
pearing in Proposition 15-2.41 form a D-universal class. Here is a slightly sharper 
statement. 

Theorem 5-2.8. The class of espaliers of the form (L, <, _L, ~), where L is a 
complete, meet- continuous, complemented, modular lattice, is D-universal. 

Proof. It follows from Theorem l5-3.14l below that every continuous dimension 
scale admits a lower embedding into the dimension range of an espalier of the 
form (H(R), C, _L, =), for some regular, right self-injective ring R. It follows from 
Proposition l5-2.7T ii) that the relations = and ~ on £>(-/?) coincide. Since L(R) is a 
complete, meet-continuous, complemented, modular lattice, the conclusion follows. 

□ 

In particular, it follows from Propositions 15- 2 .41 and 15^2 . 71 and Theorem 15- 3 . 1 41 
that every continuous dimension scale admits a lower embedding into DimiL(i?), 
for some regular, right self-injective ring R. Observe again that £(i?) is a complete, 
mcct-continuous, complemented, modular lattice. 

COROLLARY 5-2.9. The dimension monoids of conditionally complete, meet- 
continuous, sectionally (resp., relatively) complemented, modular lattices are ex- 
actly the total continuous dimension scales. 

Hence, validating the possibility suggested in F. Wehrung |57| . the dimension 
theory of conditionally complete, meet-continuous, relatively complemented, mod- 
ular lattices is completely elucidated. 

5-3. Self-injective regular rings and nonsingular injective modules 

For notation, terminology, and standard results on the topics of this section, 
we refer to |18l 1151 117) . Throughout the section, let R denote a (von Neumann) 
regular (unital) ring; after some preliminary results, we shall assume that R is also 
right self-injective, that is, R is injective as a right module over itself. 

Let h{R) denote the collection of principal right ideals of R. Regularity implies 
that £j(R) is a complemented modular lattice, in which finite suprema and infima 
are given by sums and intersections, respectively (e.g., |17l Theorem 2.3]). Define 
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orthogonality in £(i?) to mean lattice disjointness: A _L B if and only if AC\B = 0. 
For an equivalence relation on £(i?), we shall use =, that is, isomorphism of right 
i?-modules. 

A small amount of category-theoretical notation will be helpful in dealing with 
-R-modules. We write Mod-i? for the category of all right i?-modules, and add-A 
for the full subcategory of Mod-i? whose objects are all direct summands of finite 
direct sums of copies of a given module A. In particular, the objects of add-i? are 
precisely the finitely generated projective right i?-modules. An expression such as 
"A G Mod-i?" will abbreviate the assertion that A is an object in the category 
Mod-i?. We write E(j4) to stand for an arbitrary injective hull of a module A, and 
if k is a cardinal, k ■ A stands for a direct sum of K copies of A. For A, B £ Mod-i?, 
write A < B to mean that A is isomorphic to a submodule of B. If A, B G add-i? 
and A < B, then regularity of i? implies that A is isomorphic to a direct summand 
of B 17 Theorem 1.11]. 

We use the notation V (i?) for the monoid of isomorphism classes of objects from 
add-i? (in which the addition operation is induced from the direct sum operation on 
modules). To match our notation for dimension ranges, we shall denote elements of 
V{R) in the form A(A), rather than using a more common notation like [A]. This 
involves a slight but unproblematic abuse of notation in case A £ £(i?), since the 
element A (A) G V(R) stands for the isomorphism class of A within the class of all 
right R- modules, whereas once we have made £(i?) into an espalier, the notation 
A(A) will also be used for the image of A in Drng/C(i2), and in the latter case A(A) 
stands for the isomorphism class of A within £(i?). 

Lemma 5-3.1. For any regular ring R, the monoid V(R) is a refinement mon- 
oid, the interval [0, A(i?)] C V(R) is a partial refinement monoid, and V(R) is the 
universal monoid of [0, A(i?)]. 

PROOF. Refinement in V(R) is given by |17l Theorem 2.8], and it is clear that 
S = [0, A(i?)] is a partial submonoid of V(R), hence a partial refinement monoid 
in its own right. Since every object in add-i? is isomorphic to a finite direct sum of 
principal right ideals of i? |17l Proposition 2.6], every element of V(R) is a sum of 
elements of S. 

Let U denote the universal monoid of S, with canonical map <fi: S — > U . There 
exists a unique homomorphism tp; U — > V(R) such that ip<f>: S — > V(R) is the 
inclusion map. Given x G V(R), write x = J2i< n x i f° r some elements Xi £ S, and 
set 0(x) = 'Yln <n 4>{ x i) G U; this is well defined by refinement. Hence, we obtain 
a homomorphism 8: V(R) — > U. Obviously ip6 is the identity map on V(R), and 
Otpcj) = <j}^ whence 9ip is the identity map on U. Therefore tp is an isomorphism. □ 

We next determine the projections on V{R) and on [0, A(i?)]. This requires 
working with orthogonality in V(R) (as defined in Scction r2-2(l . which is determined 
as follows [171 Proposition 2.21]: For any A, B G add-i?, we have 

A (A) 1 A(B) Eom R (A, B) = ^> Uom R (B, A) = 0. 

Let B(i?) denote the set of all central idempotents in i?; this is a Boolean algebra 
whose operations are given by the rules 

e A / = ef e V / = e + / - ef e' = l-e 

|17l p. 83]. If i? is right self- injective, B(i?) is complete |17l Proposition 9.9]. 
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Lemma 5-3.2. Let R be a regular ring. 

(i) For any e G H(R), there is a projection p e on V(R) such that p e A(A) = 
A(Ae) for all A G add-i?. Moreover, pj: =p\- e . 

(ii) The rule e i— > p e defines an isomorphism B(i?) ProjI^(i?). 

(iii) The rule e t— > Pe|[o,A(fl)l defines an isomorphism B(i?) Proj[0, A(i?)]. 

Proof, (i) It is clear that there is an endomorphism p e of V(R) such that 
p e A(A) = A(Ae) for all A e add-i?. Moreover, A(A) = A(Ae) + A(A(l - e)), 
and A(A(1 - e)) 1 A(Be) for all B G add-i?, so that A(A(1 - e)) G [p e V(R)) L . 
Therefore p e G ProjF(i?). Similarly, pi- e G ProjI^(i?), and we observe that 
V(R) = p e V(R) ®pi- e V{R). Therefore pi _ e =p£. 

(ii) Let e, / G B(i?). If e < /, then e = /e, whence PeP/ = p e and so p e < pf. 
Conversely, if p e < pj, then p e (x) < pj(x) for all x G V(R) (Lemma |2-3.8f i)). 
whence Re < Rf (taking x = A{R)). Consequently, Re(l — /) = 0, and so e < /. 
This shows that the map e <— > p e is an order-embedding of B(i?) into Proj V(R). 

Given p G Proj V(R), we have A(i?) = pA(R) +p ± A(R), and so i? = I® J for 
some right ideals /, J such that A(7) = pA(R) and A(J) = p ± A(R). There is an 
idempotent e G i? such that eR = I and (1 — e)R = J. Moreover, A(J) _L A( J), and 
thus Homjj(7, J) = 0. This homomorphism group being isomorphic to (1 — e)Re, we 
conclude that e G B(i?) |17l Lemma 3.1]. In particular, we can now write I = Re 
and J = R(l — e). Any A G add-i? is isomorphic to a direct summand of n ■ R 
for some positive integer n, whence pA(A) < npA(R) = nA(Re) — p e (nA(R)). 
On the other hand, Ae is isomorphic to a direct summand of n ■ (Re), and so 
p e A(A) < nA(Re) = p(nA(R)). Since pV(R) and p e V(R) are ideals of V(R), it 
follows that they are equal, and therefore p — p e . 

(iii) This is proved in the same manner as (ii). □ 

Recall that we have defined orthogonality in £j(R) by the rule A _L B <^=> 
AD B = 0. When this occurs, the right ideal A + B is both the orthogonal sum 
of A and B within L(R) and the module-theoretic direct sum of A and B, so 
that the two uses of the expression A © B coincide. However, infinite orthogonal 
sums in £j(R) (when they exist) cannot be module-theoretic direct sums, since the 
direct sum of an infinite family of nonzero modules is not finitely generated. To 
distinguish these cases, let us write ®j~ e jAi f° r t ne orthogonal sum of a family 
(Ai)i & i of elements of &(R) and (J) ig7 A^ for the module-theoretic direct sum. (For 
either to exist, the family (Ai)i^i must be independent.) 

Proposition 5-3.3. Let £j(R) be the lattice of principal right ideals of a reg- 
ular, right self-infective ring R. Then (H(R), C, _L, =) is an espalier, and its di- 
mension range is isomorphic to the interval [0,A(R)] C V(R). Consequently, both 
[0, A(R)\ and V(R) are continuous dimension scales. In case R is purely infinite, 
BmgL(R) = V(R). 

Proof. By |17l Corollary 13.5], L(R) is complete and upper continuous (= 
meet-continuous). In particular, Axiom (LI) holds. As shown in the proof of |17l 
Proposition 13.3], arbitrary infima in £j(R) are given by intersections, while the 
supremum of a family (Ai)i £ i of elements of H(R) is the unique principal right 
ideal of R which contains X)ie/ as an essential submodule. Since R is right 
sclf-injective, \J ' ieI Ai = E(^ ig/ Ai). Hence, if (Ai)i £ i is an orthogonal family, 
= E(® igJ Ai). 
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Axioms (L2), (L3), (L5), and (L8) are clear, (L2)(iv) and (L8) being standard 
properties of submodules of arbitrary modules. Axioms (L4), (L6), and (L7) are 
basic properties of injective hulls. Therefore £(i?) is an espalier. It is clear that 
Drng,C(i?) = [0, A(i?)]. If R is purely infinite, then n ■ R = R for all positive 
integers n |17l Theorem 10.16], in which case [0, A(i?)] = V(R). 

Finally, [0, A(i?)] is a continuous dimension scale by Theorem 14-3.91 and it 
follows from Lemma lh-H.ll and Corollarv l3-8 . 1 II that V(R) is a continuous dimension 
scale. □ 

For the remainder of the section, assume that R is right self-injective. Before 
applying Theorem l3-8.9l we show that the type decomposition of R (see [181 Chap- 
ter VII] or |17l Chapter 10]) matches the type decomposition of V(R) (Definition 
13-7.80 . Here it is natural to work with type decompositions of modules from add-i?, 
as in HH Theorem 7.2] and 17, Theorem 10.31]. 

Lemma 5-3.4. Let A € add-i?. The following statements hold: 

(i) A is an abelian, directly finite, or purely infinite module, respectively, if and 
only if A(A) is a multiple-free, directly finite, or purely infinite element, re- 
spectively, ofV(R). 

(ii) A is of Type I, II, III, respectively, if and only if A(A) lies in V{R)\, V(R)u, 
V(R)ui, respectively. 

PROOF, (i) The equivalence for directly finite modules is clear from the defini- 
tions, and the other two equivalences follow from JTBJ Theorems 2.1, 6.2]. 

(ii) First, A(A) E V(R) m = V(R)L if and onl y if Hom fl (i?, A) = for all 
directly finite B € add-i?, if and only if A has no nonzero directly finite direct 
summands, if and only if A is of Type III PU p. 37]. Similarly, A(A) G V(R)^ { 
if and only if Hom^(_B, A) = for all abelian B £ add-i?, if and only if A has no 
nonzero abelian direct summands. Consequently, A(A) G V(R)i if and only if every 
nonzero direct summand of A contains a nonzero abelian direct summand, while 
A(j4) £ V(i?)m if and only if A has no nonzero abelian direct summands, but every 
nonzero direct summand of A contains a nonzero directly finite direct summand. 
Thus, the remainder of part (ii) follows from Theorems 5.1 and 5.5 of |18| . □ 

Corollary 5-3.5. If R is of Type I, II, III, respectively, then V(R) equals 
V(R)\, V(R)u, V(R)iu, respectively. 

PROOF. pU Theorem 5.11]. □ 

Theorem 5-3.6. Let R be a regular, right self-injective ring, and write R — 
i?i x i?n x i?in where i?j is of Type J. Let fij be the ultrafilter space o/B(i?j). 
Then there exists an ordinal 7 such that V(R) is isomorphic to a lower subset of 
C(0i,Z 7 ) x C(0n,M 7 ) x C(fiiu,2 7 ). 

PROOF. Since V{R) V(Ri) x V(R U ) xV(R l u ), it follows from CorollaryOSI 
that each V(R)j = V(Rj). By Proposition 15-3.31 V(R) is a continuous dimension 
scale, and using Lemma 15-3. 2f ii) we see that each flj is homeomorphic to the 
ultrafilter space of Proj V(R)j. Therefore the theorem follows from Thcorem l3-8.9l 

□ 

We now turn our attention to nonsingular injective modules, which allows us 
to extend the above results to proper Continuous Dimension Scales, and which will 
allow us to show that the espaliers of the form £(i?) form a D-universal class. 



104 



5. CLASSES OF ESPALIERS 



Let NSI-i? denote the full subcategory of Mod-i? whose objects are all nonsin- 
gular injective right i?-modules. Note that if A E NSI-i?, then add-A C NSI-i?. 
Let V{A) be the monoid of isomorphism classes of objects in add-^4, where — as 
above — we use A(J5) to denote the isomorphism class of an object B. Note that 
for B, C E add-A, we have A(B) < A(C) if and only if B < C, 

For A E NSI-i?, let £j(A) denote the collection of those submodules of A which 
are direct summands. Then &(A) is a complete, complemented, modular lattice, 
with infima and suprema given just as in £(i?) [181 Propositions 1.3, 1.6]. We 
define _L in £j(A) as in Z>(R). 

Lemma 5-3.7. Let A be a nonsingular injective right R-module, and set T — 
End/j(^4). Then T is a regular, right self-injective ring, and V(T) = V(A). Con- 
sequently, V(A) is a dimension interval. 

Moreover, (fl(A), C, _L, =) is an espalier, isomorphic to (L(T), C, _L, =). Con- 
sequently, Drag £ (A) ^ [0, A(A)} C V(A). 

Proof. For the first statement, see, for example, |171 Corollary 1.23]. It is 
well known that add-A is equivalent to the category of finitely generated projective 
right T-modules (e.g., pS] Theorem 18.59]), and thus V(A) = V(T). Therefore, 
Proposition 15-3. 31 implies that V(A) is a continuous dimension scale. 

According to p.8 Proposition 1.8], there is a lattice isomorphism <j>: £(T) — » 
given by the rule 4>{J) = J A. Any pair of right ideals of T is given by eT, fT 
for some pair e, / of idempotents in T, and it is well known that eT = fT if and 
only if eA = fA (cf. the proof of |17l Proposition 2.4]). Hence, <f> is an isomorphism 
of espaliers. It is clear that Drng£(j4) = [0, A(A)]. □ 

A major advantage of working with nonsingular injective modules is that any 
set of such modules can be combined to form a new one, by taking the injective hull 
of the direct sum. Consequently, we can pass from the category NSI-i? to a proper 
Continuous Dimension Scale which contains "arbitrarily large" elements. Thus, let 
^(NSI-i?) denote the (proper) Monoid consisting of all isomorphism classes A(A) 
of objects A E NSI-i?, with addition induced by direct sum. (To help keep set- 
theoretic difficulties at bay, one might wish to pass from NSI-i? to an equivalent 
skeletal category — a category in which isomorphic objects are equal — before forming 
this Monoid.) For any A E NSI-i?, the ideal of V(NSkR) generated by A(A) equals 
the monoid V(A); in particular, this ideal is a set. 

Lemma 5-3.8. The Monoid y(NSI-i?) is a Continuous Dimension Scale, and 
V(R) is a generating lower subset ofV(NS\-R). 

PROOF. If S is a lower subset of F(NSkR), then S = {A(£?j) | % E 1} for some 
set {Bi | i £ 1} of objects from NSI-i?. Form B = E((J),- gJ £?j), and observe that 
S C V(B). By Lemmas 15-3.71 and 13-1.91 V(B) and S are continuous dimension 
scales. For any element a — A(A) E V^(NSI-i?), the class (a] is contained in the set 
V(A) and so it is a set. Thus, Axiom (Mht) is satisfied in V^(NSI-i?). 

Since every object in add-i? is injective (being a direct summand of some injec- 
tive module n ■ i?), we have add-i? C NSI-i? and V(R) C V(NSI-i?). It is then clear 
that V(R) is a lower subset of V^NSI-i?). Given any nonzero object A E NSI-i?, 
choose a nonzero element x E A. By |171 Theorem 9.2], the cyclic module xR 
is both projective and injective. On the one hand, this means that xR E add-i? 
and A(xR) E V(R), while on the other, A(xR) < A(A). Thus, V(R) is dense in 
V (NSI-i?), and therefore y (NSI-i?) satisfies Axiom (M m ). □ 
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Theorem 5-3.9. Let R be a regular, right self-injective ring, and write R — 
Ri x Rn x i?m where Rj is of Type J. Let S7j be the ultrafilter space o/B(i?j). 
Then 

V^NSkR^C^Z^) x C^i^Ro.) x C(Slm,2co)- 

Proof. As observed in the proof of Theorem 15-3.61 fij is homeomorphic to 
the ultrafilter space of Proj V(R)j for J = I, II, III. Let E be a finitary unit of 
V(R)fi n , and observe that since V(R) is dense in V^(NSI-i?), the set E is dense in 
V(NSkR) fin . Thus, E is a finitary unit of V(NSI-iJ). By Theorem |3~TU31 and its 
proof, there is a lower embedding 

e: V(NSkR) C^Z^) x C^K^) x C^m^^) 

(unique with respect to our choice of E) such that whenever A e NSI-i? and R £ 
add- A, the restriction of e to V(A) matches the embedding given in Thcorem l3-8.9l 

To see that every function in C(f2i, Z^) x C(f2n, Roo) x C(f2ni, 2oo) lies in the 
image of e, it suffices to show that for any infinite cardinal n = H T , the constant 
function t K with t K (x) = k for all x G U Qu U fini lies in the image of e. 

Set 5 = E(K • R), let H CT be the cardinality of B, and set A = E(N CT+r • B). 
In particular, £? contains no direct sums of more than H,j nonzero submodules, 
and V(R) C V^(-B) C V(A). We may assume that B is an actual submodule 
of A. By Lemma 13-7.11 restriction from V{A) to V(i?) provides an isomorphism 
Proj V(A) Proj V{R). 

According to Lemma |5-3.7I &(A) is an espalier whose dimension range is iso- 
morphic to V(A) (we have [0, A(^4)] = V(A) because A is purely infinite). Now A 
and B are purely infinite elements of H(A) with central cover 1, and B is not equal 
to any orthogonal sum of more than nonzero elements. The module-theoretic 
statement E(H CT+r • B) = A, when written in the symbolism of espaliers, says that 
N CT+r • B ~ A. Thus, Proposition 14-5.41 implies that there exists a purely infinite 
element C £ £>(A) such that /x(A(C)) equals the constant function with value H T . 
Therefore we have A(C) E V(NS\-R) with e(A(C)) = t K , which completes the 
proof of the theorem. □ 

The following corollary is an immediate consequence of Theorem l5-3.9l in view 
of the fact that V(A) is a lower subset of ^(NSkR) for any A £ NSI-i?. If the 
reader wishes to avoid proper Continuous Dimension Scales, this result can be 
proved directly, using the same methods employed in the theorem. 

Corollary 5-3.10. Let R be a regular, right self-injective ring, and write 
R = Ri x Ru x Rui, where Rj is of Type J. Let Qj be the ultrafilter space o/B(i?j). 
Given any ordinal j, there exists a nonsingular injective right R-module A such 
that 

V(A) = C(Qi, Z 7 ) x C(O n , R 7 ) x C(fiiu, 2 7 ). □ 

To show that every continuous dimension scale appears as a lower subset of 
some V(A), it only remains to construct regular, right self-injective rings of Types 
I, II, III having arbitrary complete Boolean algebras as their Boolean algebras of 
central idempotents. We shall make use of the concept of a maximal quotient ring 
(see, for example, [151 Chapter 2], 31 §13]) in part of the process. 

Proposition 5-3.11. Given any complete Boolean algebra B, there exist regu- 
lar, right self-injective rings Ri and Rm of Types I and LLL, respectively, such that 
B(Ri)^B(Rm)^B. 
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Proof. The quickest way to obtain a Type I example is to take Ri to be B 
itself, made into a ring in the canonical way. Then R\ is a commutative, regular, 
sclf-injective ring in which all elements are idempotent, and B(i?i) = B. For later 
use, we note that since R\ is commutative, B = B(i?i) = L(Ri). The self-injectivity 
of i?i implies that i?i is a continuous regular ring, thus yielding von Neumann's 
well-known result that B is continuous (see f 191 Lemma II.4.10]). Since Ri is 
commutative, it is abelian, and hence is of Type I. As a ring, B has characteristic 2, 
while the reader may prefer examples having characteristic 0. We can construct 
examples which are algebras over any field F, as follows. 

Let X be the ultrafilter space of B, so that B is isomorphic to the Boolean 
algebra of clopen subsets of X. Let S be the ring of all locally constant functions 
from X to F (that is, functions / : X — > F such that each point of X has a 
neighborhood on which / is constant). Observe that 5* is a commutative regular 
ring, with B = B(S) = L(S). As noted above, B is a continuous lattice; thus S is a 
continuous regular ring. Finally, let Ri be the maximal (right) quotient ring of S. 
Since S is regular, it is a nonsingular ring, and so i?i is regular and right self-injective 
( [151 Corollary 2.31], [311 Theorem 13.36]). Moreover, since S is commutative, so 
is Ri (see [SH Lemma 14.15]). Therefore R I is of Type I. By H3 Theorem 13.13], 
all the idempotents of i?i lie in S (this is not hard to prove directly in the present 
case). Therefore B(iZi) = B(5) = B. 

Similar methods, worked out by Busque [8], can be applied in the Type III 
case. First choose a commutative, regular, self-injective ring R\ with B(i?i) = B. 
By [gj Theorem 2.5], there exists a regular, right self-injective ring Rm of Type III 
whose center is isomorphic to Rj. Therefore B(i?ni) = B. □ 

It appears that the constructions used in Proposition 15-3.111 do not always 
produce rings of Type II. We approach the Type II existence problem lattice-theo- 
retically, via von Neumann's Coordinatization Theorem (e.g., [511 Theorem 14.1], 
[38l Chapter XI, Satz 3.2]). 

Proposition 5-3.12. Given any complete Boolean algebra B, there exists a 
regular, right and left self-injective ring R of Type Ilf with B(i2) = B . 

Proof. Let L be an irreducible (i.e., indecomposable) continuous geometry 
such that the (unique) dimension function D on L is positive on all nonzero elements 
of L and the range of D is the unit interval [0,1]. Such continuous geometries 
were constructed by von Neumann |50) . Alternatively, one could choose a simple, 
regular, right self-injective ring S of Type Ilf (see [181 Corollary 11.10] and [1TI 
Example 10.7, Theorem 10.27] for existence) and take L = H{S). Indecomposability 
of L then follows from indecomposability of S, and the properties of D follow from 
those of the unique rank function N on S (see |17l Corollary 16.15]), since D is 
given by the formula D(xR) — N{x) for iefi. 

Next, let L(B) be the (reducible) continuous geometry constructed from L 
and B by Halperin in 1211 Theorem 1]. The center of L{B) (i.e., the sublattice 
of neutral elements) is isomorphic to B by |21l Theorem 2], and L(B) contains a 
sublattice (with the same largest element) isomorphic to L [211 Remark 2, p. 351]. 
For any positive integer n, the largest element 1 £ L can be written as the supremum 
of n independent pairwise perspective elements (e.g., because there exist elements 
x G L with D(x) = 1/n), and so the same occurs in L(B). Consequently, L(B) has 
order n (in von Neumann's sense) for all n. 
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In particular, since L(B) has order 4, von Neumann's Coordinatization Theo- 
rem implies that there exists a regular ring R such that £>(R) = L(B). Since is 
thus a continuous lattice, R is a continuous regular ring. Now R is unit-regular [171 
Corollary 13.23], and hence perspectivity in L(R) is given by module isomorphism 
[171 Corollary 4.23]. Consequently, for each positive integer n, the module R is a 
direct sum of n pairwise isomorphic right ideals. In particular, there are no nonzero 
central idempotents e 6 R such that the ring eR is abelian, and therefore R is right 
and left self-injective |17l Corollary 13.18]. 

Since R is unit-regular, it is directly finite [171 Proposition 5.2]. Hence, |17l 
Theorems 10.13, 10.24] show that R = J]™, R m x Ru where each R m is of Type 
I m and Ru is of Type Ilf. Since the dimension theory of L(R m ) takes values in 
{0, 1/m, 2/m, . . . , 1}, the module R m cannot be a direct sum of m + 1 nonzero 
pairwise isomorphic right ideals (cf. (181 Theorem 10.10] or |17l Corollary 11.18]). 
Thus, all R m = 0, and R = Ru is of Type Ilf. 

Finally, since the center of H(R) is isomorphic to B(i?) |38l Chapter VI, Satze 
1.9, 3.5], we conclude that B(i?) = B. □ 

Theorem 5-3.13. Let Qj, flu, flui be arbitrary complete Boolean spaces (pos- 
sibly empty). Then there exists a regular, right self-injective ring R such that 

V^NSI-^SC^Z^) x CCQilRoo) x 0(^111,2^). 

PROOF. Propositions 15-3 . 1 ll and 15-3 . 121 together with Theorem f5-3.9l □ 

Although the following result is a corollary of Theorem 15-3.131 we give an 
independent proof avoiding the use of proper Continuous Dimension Scales. 

Theorem 5-3.14. The class of espaliers of the form (£j(R), C, =), for regu- 
lar, right self-injective rings R, is D-universal. 

Proof. Let S be an arbitrary continuous dimension scale. By Propositions 
15-3.111 and !5-3.12l together with Theorems 13-8.91 and 15-3. tH there exists a regular, 
right self-injective ring R' such that S is isomorphic to a lower subset S' of V(R'). 
Set A = E(H ■ R') and R = End fl - (A). By Lemma II>3~71 R is a regular, right self- 
injective ring and Drng£(i?) = Drng£(A) = [0, A(A)]. Since all finitely generated 
projective right i?'-modules are isomorphic to direct summands of A, we see that 
V(R') is a lower subset of [0, A(A)]. Thus, S' is isomorphic to a lower subset of the 
dimension range of the espalier L(R). □ 

The results above also allow us to determine the monoids V(R) in the present 
context, as follows. 

Corollary 5-3.15. Let M be a commutative monoid. Then M = V(R) for 
some regular, right self-injective ring R if and only if M is a continuous dimension 
scale containing an order-unit. 

Proof. If R is a regular, right self-injective ring, then A(i?) is an order-unit in 
V(R), and V(R) is a continuous dimension scale by Proposition 15-3 . 31 Conversely, 
let M be a continuous dimension scale which contains an order-unit u. By Theo- 
rem 15-3.141 and Proposition 15-3 . 31 there exists a regular, right self-injective ring R' 
such that M is isomorphic to a lower subset M 1 of V(R'). Let v! denote the image of 
u under this isomorphism; then M' equals the ideal of V(R') generated by u' . Now 
v! = A (A) for some A e add-i?', and it is clear that M' = V(A). By Lemma 15^X71 
R = Endfl'(A) is a regular, right self-injective ring and V(R) = V(A) = M. □ 
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5-4. Projection lattices of W*- and AW*-algebras 

Our main references for W*-algebras will be the texts by J. Dixmier |10j . R. V. 
Kadison and J. R. Ringrose |3S], B.-R. Li and S. Sakai 05]; for AW*-algebras, 
we rely on the text by S. K. Berberian [5] and the monograph by I. Kaplansky 30 . 
A W*-algebra (also called a von Neumann algebra) can be defined as any C*-algebra 
which is isomorphic {qua C*-algebra) to a *-subalgebra of 'B(H) (the algebra of all 
bounded linear operators) on some (complex) Hilbert space H which is closed in 
the strong operator topology (the topology of pointwise convergence). Kaplansky 
introduced the concept of an AW*-algebra (abbreviating "abstract W*-algebra") in 
order to obtain a more general class of C*-algebras defined (and analyzed) by purely 
algebraic properties. Before giving the definition, we recall a few basic concepts. 

All W*- and AW*-algebras that we consider here will be assumed to be 
unital. 

A projection in a C*-algebra A is any self-adjoint idempotent, that is, any 
element p € A with p = p 2 = p*. The right annihilator of a subset S of A is the 
right ideal 

ann r (S) = {x G A | sx — for all s G S}. 

Finally, A is said to be an AW*-algebra if the right annihilator of any subset S 
of A is a principal right ideal generated by a projection, that is, ann r (S') = pS 
for some (necessarily unique) projection p G A. Every W*-algebra is AW* [3] §4, 
Proposition 9], but not conversely. For example, the (unital) commutative AW*- 
algebras are precisely (up to isomorphism) the algebras C(X, C) of continuous 
complex- valued functions on complete Boolean spaces X 3 §7, Theorem 1]; such an 
algebra is W* if and only if X is hyperstonian ( HO Theoreme 2] ; cf . I32j Theorems 
5.3.3, 5.3.4]). By definition, X is hyperstonian (cf. |9| Definition 3]), if for any 
nonempty open subset U of X, there exists a Radon measure /i on X, vanishing on 
all nowhere dense subsets of X, such that n(U) > 0. 

The set L of projections of an AW*-algebra A is equipped with the partial 
ordering < defined by p < q if and only if pq — p (equivalently, qp — p), for p, 
q G L. The poset (L, <) is a complete lattice |3| §4, Proposition 1]. Furthermore, 
two projections p, q G L are orthogonal, in symbols p _L q, if pq = (equivalently, 
qp = 0). Then the sum p + q is also a projection, and it is the join of {p, q} in L: 
hence p®q = p + q. Finally, two projections p and q of A are Murray-von Neumann 
equivalent, in symbols p ~ q, if there exists x G A such that p — xx* and q = x*x. 
Equivalently, pA and qA are isomorphic as right A-modules, that is, there are x, 
y G A such that p — xy and q — yx — this equivalence is nontrivial and contained 
in [301 Theorem 27]. 

A projection p G A is said to be a-finite (or countably decomposable, or or- 
thoseparable) if p does not majorize any uncountable orthogonal family of nonzero 
projections; if the projection 1 G A has this property, then the algebra A itself is 
called cr-finite. This same terminology is also used for Boolean algebras and their 
elements. Let us say that a Boolean algebra B is locally a-finite provided every 
element of B is a supremum of cr-finite elements. Furthermore, a Boolean space X 
is locally cr-finite, if its Boolean algebra of clopen subsets is locally cr-finite. 

Proposition 5-4.1. Every hyperstonian Boolean space is locally a-finite. 
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Proof. Let B denote the ultrafilter space of a hyperstonian Boolean space X. 
For a Radon measure fi on X, we say that a Borel subset A of X is fi-self-supporting, 
if n(A fl U) > whenever U C X is open and A R {7 7^ 0. Then every Borel 
subset A of X of positive measure contains a //-self-supporting compact subset K 
of positive measure, see |131 §1.9]. If fi vanishes on all nowhere dense subsets, then 

o o 

\i(K ) = fi(K) > 0, hence K is a /i-self-supporting open subset of K with positive 
measure. As fi is a Radon measure, K contains a /i-self-supporting clopen subset 
with positive measure. 

Let D denote the set of elements of B whose associated clopen set is /i-self- 
supporting with respect to some finite Radon measure /i on X vanishing on all 
nowhere dense subsets. It follows from the assumption that X is hyperstonian and 
the paragraph above that every element of B is a supremum of elements of D. But 
every element of D is clearly cr-finite. □ 

The converse of Proposition 15-4. ll does not hold as a rule. 

Example 5-4.2. As in Section lS^Tl we denote by C u the Boolean algebra of all 
Borel subsets of the Cantor space {0, 1} U modulo meager sets. Let X denote the 
ultrafilter space of C u . Then X is clearly cr-finite. However, there is no nontrivial 
Radon measure on X, as shown, for example, by the argument on pages 82-83 in 
|44l Chapter 21]. In particular, X is not hyperstonian. 

On the other hand, the "measure" analogue of C w , that is, the random alge- 
bra B^ (see Section l5-l|) has, of course, hyperstonian ultrafilter space. 

PROPOSITION 5-4.3. Let L be the lattice of projections of an AW*-algebra A, 
endowed with the relations <, _L, and ~ defined above. Then L is an espalier. 

PROOF. Axiom (Ll) follows from [301 Theorem 19] or p3 §4, Proposition 1]. 
Axioms (L2) and (L3) are easy exercises, Axiom (L5) is trivial. 

Axiom (L4): for p, r £ L, the element 1 — p £ A is also a projection, and p _L r 
is equivalent to r < 1 — p. Now let (qi)i£i be an orthogonal family of elements of L 
such that p _L (©igjQi), for all finite J C I. This means that ©iej<7i < 1 — p, for 
all finite J C 7, thus ®ieiqi <l — p, that is, p _L (®ieiQi)- 

Axiom (L6) is Axiom (C) in 30, Chapter 4]; see [501 Theorem 24] or [3j §1, 
Proposition 9]. 

Axioms (L7) and (L8) are difficult results, proved in 30, Theorem 52, 62] and 
§20, Theorem 1, §13, Theorem 1]. □ 

The "projections" of the espalier L are not the projections of A (which are 
the elements of L), but they correspond to the central projections of A. In fact, 
all central idempotents of A are projections |3| §3, Exercise 1], and so we may 
use without ambiguity the notation B(A) of Section 15-31 to stand for the Boolean 
algebra of central projections in A. 

Lemma 5-4.4. Let L be the lattice of projections of an AW*-algebra A. For 
each e £ B(A), there is a projection n e £ ProjDrngL such that n e (A(p)) = A(ep) 
for all p £ L. The rule e >— ► n e defines an isomorphism o/B(^4) onto ProjDrngL. 

Proof. Set S = DrngL = L/~. It is clear that for each e £ B(A), there is 
a projection ir e £ Proj S as described, and 7Ti_ e = n^. It is also clear that e < / 
implies 7r e < 717, for e, / £ B(A). On the other hand, if e ^ /, the projection 
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g = e(l — /) is nonzero. Note that n g (A(g)) = A(g) ^ 0, whence ir g 7^ 0. Since 
n g < i"e A 7ri", it follows that 7r e ^ 7r/. Thus, the map B(A) — > Proj S given by 
e 1 ► 7r e is an order-embedding that respects complements. It only remains to show 
that this map is surjective. 

Given q e Proj S , we have A(l) = q(A(l)) + q ± (A(l)), and so there exist 
orthogonal projections e, / £ L such that 1 = e © / while A(e) = q(A(l)) and 
A(/) = 9 X (A(1)). Further, A(e) _L A(/), and so there is no nonzero projection 
p G L such that p < e, /. We next show that e and / are central projections. Since 
/Ae = (eAf)* , it is enough to show that eAf — 0. Let x be an arbitrary element 
of eAf , and let p r and be the right and Ze/t projections of 2, respectively f|3l 
§3, Definition 4], (301 p. 28]), that is, the unique projections such that p^r and pf- 
generate, respectively, the right and left annihilators of x. Since xe = f x = 0, we 
find that e < p^r and f < p^, that is, p r < e = f and pi < e. However, p r ~ pi (see 
p2 §20, Theorem 3] or 1301 Theorem 63]), whence p r < e, / and so p r = 0. Thus 
x = xp r = 0, proving that eAf = 0, as desired. Consequently, e and / are central, as 
claimed. Now for any r G L, we have A(r) = A(er) + A(/r) with A(er) < q(A(l)) 
and A(/r) < g i (A(l)), whence A(er) e (7(6*) and A(/r) S g- 1 ^). Hence, we 
conclude that 7r e (A(r)) = A(er) = q(A(r)). Therefore ir e = q, completing the 
proof. □ 

In the context of Proposition l5-4.3l let us denote by [p] the ^-equivalence class 
of a projection p of A. The addition of these equivalence classes is defined by 

[p] + [?] = [p © 5] = [p + f° r an y orthogonal projections p and (7. 

The dimension range of L is, of course, Drng i = L/^, equipped with the above 
partial addition. 

Just as in Section 15^31 we can define the monoid V(A) of isomorphism classes 
of finitely generated projective right A-modules. As noted above, projections p, 
q € A satisfy p ~ q if and only if pA = qA, and so we obtain an embedding of 
partial monoids, DrngL <—* V(A), where [p] n> A(pA). Under this embedding, 
[1] 1 ► A(A). Any direct summand of the right module A has the form eA for an 
idempotent e, and since e is equivalent to a projection p £ A (301 Theorem 26], we 
have pA = e^4 and so [p] 1— * A(eA). Similarly, any pair of orthogonal idcmpotcnts 
in A is equivalent to a pair of orthogonal projections, so that any pair of elements u, 
v € V(A) such that u + v < A(A) must be the image of a pair of elements of DrngL 
whose sum is defined. Thus, the embedding above maps Drng L isomorphically onto 
the interval [0, A(A)] C V(A), which we record in the theorem below. 

Theorem 5-4.5. Let L be the lattice of projections of an AW*-algebra A. Then 
the dimension range DrngL = L/~ is a (bounded) continuous dimension scale, 
and DrngL = [0, A(A)] C V(A). If A is a W*-algebra, then the ultrafilter space of 
Proj Drng L is hyper stonian. 

Proof. That Drng L is a continuous dimension scale follows from Theorem l4-3.9l 
We have just seen above that DrngL = [0, A(A)]. Observe that Proj DrngL = 
B(A) = B(Z), where Z is the center of A. If A is a W*-algebra, then so is Z, 
whence Z = C(X, C) for some hyperstonian complete Boolean space X. In par- 
ticular, the ultrafilter space of Proj Drng L is homeomorphic to X and thus it is 
hyperstonian. □ 
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In the context of Theorem l5-4.5l observe that by Proposition l5-4.il Proj Drng L 
is locally a-finite in case A is a W*-algebra. 

In particular, when L is the lattice of projections of an AW*-algebra A, it 
follows from Theorem 13-8.91 that the partial commutative monoid L/~ embeds as 
a lower subset into a commutative monoid of the form 

C(0i,Z 7 ) x C(fi n ,R 7 ) x C(n ni ,2 7 ), 

for complete Boolean spaces fii, fin, fim- Theorem 15-4.51 implies that these spaces 
must be hyperstonian in case A is a W*-algebra. 

There exists a Type I, II, III decomposition for AW*-algebras (see [30 ) which 
parallels that for regular, right self-injective rings; in fact, Kaplansky developed 
much of the Type I, II, III theory for Baer rings (rings in which the right or left 
annihilator of any element is generated by an idempotent), a class of rings which 
includes both AW*-algebras and regular, right self-injective rings. We shall use 
some of the terminology and results of this theory without explicit references. We 
point out that an AW*-algebra A is called a factor provided the center of A equals 
the complex field C; equivalently, A is a factor if and only if A is nonzero and 
B(A) = {0,1}. 

Lemma 5-4.6. Letj be an ordinal and J £ {I, II, III}. There exists a W*-factor 
Aj of Type J which contains a family (p'a) a <-y of nonzero purely infinite projections 
such that p 3 a < pp but pp % p 3 a for all ordinals a < (3 < 7. 

Proof. Choose a Hilbert space H 1 with an orthonormal basis of cardinal- 
ity N 7 , and set A\ = !B(iT 7 ). For each ordinal a < 7, choose a projection p\ S A\ 
such that the closed subspace p„-ff 7 of £f 7 has an orthonormal basis of cardinal- 
ity H a . The desired properties of Ai and the p l a are clear. 

Next, choose W*-factors Bu and Bm of Types II and III (e.g., (101 Part I, 
§9.4], [291 Chapters 6, 8], 46 Chapter 4]). These factors can be chosen as sub- 
algebras of H(Ho) for a separable Hilbert space H (e.g., |101 Remark, p. 155], 
32, Theorem 7.3.16]), so that they are a-finite |32l Proposition 1.14.3]. Now let 
An and Am be the W*-tensor products Bu® Ai and Bm® Ai. These algebras 
are of Types II and III, respectively (e.g., Propositions 11.2.21, 11.2.26], gHJ 
Proposition 2.6.3, Theorem 2.6.4]), and they are factors [46, Proposition 2.6.7]. 

Now let J = II or III, and set p 3 a = 1 ® p l a £ 4j for all ordinals a < 7. It is 
clear that these p^ are purely infinite projections, and that p 3 a < pj^ for all ordinals 
a < {3 < 7. Observe that the W*-algebra p^Ajp^ is isomorphic to Bj ®p l a Aip l al 
which is in turn isomorphic to a W*-subalgebra of 23(_ffo ®p l a H 7 ). Since Hq ®p l a H 1 
has an orthonormal basis of cardinality H a , we thus see that p 3 a does not majorize 
any orthogonal family of more than H Q nonzero projections. On the other hand, 
H/5 • p\ ~ p l p, whence p^ majorizes an orthogonal family of H/3 nonzero projections 
(equivalent to itself). Therefore pp % p 3 a . □ 

We can now show that the class of projection lattices of W*-algebras, while 
not D-universal, is at least D-universal relative to continuous dimension scales for 
which the ultrafilter space of the Boolean algebra of projections is hyperstonian. 

Theorem 5-4.7. Let fii, fin, fim be arbitrary hyperstonian spaces (possibly 
empty), and let 7 be an arbitrary ordinal. Then there exists a W* -algebra A such 
that 

V(A) £ C(fii, Z 7 ) x C(fin, K 7 ) x C(fi„i, 2 7 ). 
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Proof. For J = I, II, III, choose W*-factors Aj and families (Pq) q < 7 of purely 
infinite projections as in Lemma r5-4.6I Let Cj = C(£lj,C), which is a W*-algebra 
because Oj is hyperstonian, and note that B(Cj) is isomorphic to the Boolean 
algebra of clopen subsets of Slj . Let Dj be the W*-tensor product Aj ® Cj, which 
has Type J by the results referenced in Lemma 15-4.61 Since Aj is a factor, the 
centers of Cj and Dj are isomorphic |46l Proposition 2.6.7], and thus B(Cj) = 
B(Z)j), via the map e 1 ® e. Consequently, if Lj is the lattice of projections 
of Dj, the ultrafilter space of ProjDrngLj is homcomorphic to Oj . 

Since Dj is of Type J, it follows that is of Type J, that is, = 

(Lj/^)j in the notation of Definition 13-7.81 Set q 3 a — p^ <E> 1 G Dj for all ordinals 
a < 7, and observe that the are purely infinite projections with central cover 1, 
such that q 3 a < ql for all ordinals a < (3 < 7. 

CLAIM. For any ordinals a < f3 < 7, we /iaue rg^ ^ rg^ for all nonzero central 
projections r in Dj. 

Proof of Claim. For each point x G Slj, let 7r 2 , : Dj — *■ Aj ®C = Aj be the 
W*-algebra homomorphism obtained by tensoring the identity map on Aj with the 
evaluation map / 1— > /(x) from Cj to C. Observe that ^(g^) = and ^(g^,) = . 
Moreover, r = 1 (g) e for some projection e G C(S!j,C), and 7r x (r) = e(x) G {0, 1}. 
If r 9a: then e(x)pp < e(x)p^ for all x £ fij. Since ^ p^,, we must 

have e(x) = for all x G fij, and thus r = 0. This contradiction establishes the 
claim. □ Claim. 

We now apply Proposition 14-5.61 and conclude that there exist projections 
rj G Lj for each J such that the dimension ranges of the intervals [0, rj] have the 
following form: 

[o,n]/~ = C(O l5 z 7 ) 
[o,m]/~ = e(fi„,R 7 ) 

[0,r„i]/- C(ftm,2 7 ). 
Therefore the dimension range of the lattice of projections of the W*-algebra 

A = nDm x r u D u r u x nii^mnn 

has the desired form. Note that each of the projections rj is purely infinite, whence 
the projection 1 G A is purely infinite, and consequently [0, A(A)] = V(A). There- 
fore, in view of Theorem l5-4.5l the present theorem is proved. □ 

Corollary 5-4.8. Let S be a continuous dimension scale. Then S admits 
a lower embedding into the dimension range of the lattice of projections of some 
W*-algebra if and only if the ultrafilter space o/Proj S is hyperstonian. 

Proof. The sufficiency follows from Theorems 13- 8 . 91 and 15-4.71 and the neces- 
sity from Theorem 15-4.51 □ 

In order to see that the projection lattices of AW*-algebras form a D-universal 
class of espaliers, we need an analogue of Theorem 15-4. 71 in which Qj, fin, fini are 
arbitrary complete Boolean spaces and A is an AW*-algebra. However, there is no 
general theory of AW*-tensor products available to replace the W*-tensor products 
Aj ® Cj used in our proof. P. Ara has suggested that one might be able to use the 
monotone complete tensor products introduced by M. Hamana [231 124] instead. 
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(We thank him for making us aware of Hamana's work.) Rather than developing 
the necessary auxiliary results about monotone complete tensor products here, we 
complete the picture by taking a different route. Namely, we borrow the methods 
and results of G. Takeuti |48| and some of the subsequent results obtained in 
M. Ozawa |45| . These methods involve forcing, more specifically, the Scott-Solovay 
model V B oi B-valued set theory (also used in Section l5^T|l . for any complete Boolean 
algebra B. 

We give a short summary of what we shall use from |48l I45| . If A is an AW*- 
algebra in V B , the bounded global section algebra A of A is the set of all x G V B 
such that \\x G A\\ = 1 and ||||sc|N < ?i1a\\ = 1 for some constant n G N, endowed 
with its canonical structure of AW*-algebra. For example, z = x + y if and only if 
\\z = x + y\\ = 1. The center of A contains a copy of the bounded global section 
algebra C of the complex numbers. Observe that C is isomorphic to the algebra of 
continuous maps from the ultrafilter space of B to C. In case A is an AW*-factor 
in V B , the center of A is exactly (the canonical copy of) C, see |45l Theorem 5]. In 
particular, for u G B, the central idempotent of A corresponding to u is the unique 
element u G A such that u = ||u = 1|| while -iu = \\u = 0||. By Lemma T5-4. 41 the 
Boolean algebra of projections of A is also isomorphic to B. Thus, letting L be the 
espalier of projections of A and identifying the elements of B with the projections 
of DrngL, we obtain that \\a < b\\ has the same meaning in the present paper and 
in |48ll45] . 

We apply this to the D-universality problem as follows. 

Theorem 5-4.9. Let VL\, Qu, £lm be arbitrary complete Boolean spaces (possi- 
bly empty), and let 7 be an arbitrary ordinal. Then there exists an AW*-algebra A 
such that 

V(A) Si C(fii, Z 7 ) x e(fi n , M 7 ) x C(O ni , 2 7 ). 

PROOF. By arguing as in the proof of Theorem l5-4.7l it suffices to prove that for 
every complete Boolean algebra B, every ordinal 7, and every J G {I, II, III}, there 
exist an AW*-algebra A of type J with algebra of central idempotents isomorphic 
to B and a (7 + l)-scqucnce (p Q ) Q < 7 of projections of central cover 1 such that 
Pa < Pp but \\pp < p a \\ = 0, for a < f3 < 7. 

By applying Lemma 15-4.61 within V B , we obtain a factor A of type J in V B 
and a i?-valued name p such that the following statements hold in V B (that is, 
they have Boolean value 1): 

p is a map from 7 to the purely infinite elements of L, 

p(ot) < p(P), for all a < (3 < 7, (5-4.1) 
P(P) % p(a), for all a < f3 < 7, (5-4.2) 

where L denotes the espalier of projections of A within V B . 

Now let A = A be the bounded global section algebra of A. It follows from [451 
Theorem 7] (see also |48l §2]) that A is Type J, furthermore, its algebra of central 
idempotents is isomorphic to B. For all a < 7, let p a be the unique i?-valued name 
such that \\p a = p(a)\\ = 1. For a < {3 < 7, it follows from 15-4.1(1 . (|5-4.2jl that 
P a an d Wpp <p a \\ = 0. □ 
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Therefore, we have obtained the following result, which, together with the other 
main results of the present section, completely elucidates the dimension theory of 
projections of W*- and AW*-algebras. 

Theorem 5-4.10. The class of espaliers obtained from projection lattices of 
AW*-algebras is D-universal. 

5-5. Concluding remarks 

The questions arising naturally from this work can be divided in two parts: 
namely, those where the theory reflects about itself, and those where it reflects 
about other topics. 

In the first group, we shall mention the following. For given, "practical" exam- 
ples, where we need to verify that a given structure is an espalier, the axiom (L7) 
is often a source of problems. Thus we may ask to what extent it is possible to 
remove Axiom (L7) from the definition of an espalier, thus defining "pre-espaliers" 
(see also Definition 15- 1.31) . But then, in order to extend a pre-espalier (L, <, _L, ~) 
to an espalier, we need to define a new binary relation ^* on L by letting x ^* y 
hold, if there are decompositions and y = © lG /yi such that xi ~ y u 

for all i G I. However, proving the transitivity of the new relation ~* leads to 
the verification of a common refinement property, see Lemma l5-1.4l for the Boolean 
case. This problem can be formulated as follows. 

Problem. Let (L, <, _L, ~) be a structure satisfying all axioms from (L0) to 
(L8) with the possible exception of (L7), and let (xj)j g / and (yj)j £ j be families of 
elements of L such that (Biei^i = ®j^jyj- Are there families (ui,j)(i,j)eixJ an d 
( v i,j)(i,j)eixj of elements of L such that Xi = ®jeJ u i,j (f° r a U i £ I)> Uj — ®iei v i,j 
(for all j G J), and Uij ~ v^j (for all (i,j) 6 I x J)? 

The second group of questions asks for constructing further classes of espaliers, 
within other areas of mathematics. Of course, isomorphism types of various struc- 
tures are privileged, see, for example, B. Jonsson and A. Tarski's appendix in 49 . 
In another direction, one might ask about extensions of various results of cancella- 
tion or unique decomposition, known for finite structures (see [371 Chapter 5]) to 
infinite structures subjected to completeness conditions. This would in turn yield, 
for example, nontrivial cancellation results for further infinite structures, of which 
the main result of [28^ about a-complete effect algebras would be a prototype. 

Expecting infinite generalizations of finite results via espaliers is reasonable as 
long as there are enough refinement theorems around, see, again, |37l Chapter 5]. 
Hence the Lovasz cancellation theorems, see |36| or |37l Section 5.7], do not enter 
this category, as they are established by counting arguments, in contexts where 
refinement does not always hold. We do not know of any framework that could 
extend Lovasz's results to infinite structures subjected to completeness conditions. 
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